Mathematica 11.3 Integration Test Results

Test results for the 254 problems in "4.7.1 (c trig)*m (d trig)*n.m"

Problem 8: Result more than twice size of optimal antiderivative.

JCsc[2a+2bx] Sin[a+ b x] dx
Optimal (type 3, 14 leaves, 2 steps):

ArcTanh[Sin[a + b x]]
2b

Result (type 3, 72leaves):

1
2

+

[N

_Log[Cos[§+b7X} —Sin[§+b7x]] ) Log|Cos |

b b

Problem 10: Result more than twice size of optimal antiderivative.
JCsc[2a+2bx]3Sin[a+bx] dx
Optimal (type 3, 49leaves, 5steps):

3ArcTanh[Sin[a+bx]] 3Cscla+bx] Csc[a+bx]Sec[a+bx]?
- +
16b 16b 16 b

Result (type 3, 132leaves):

_321—b cht[i (a+bx)] +6Log[C°5[§ (a+bx]] ‘Si”{i (a+bx]]] -

6Log[Cos[%(a+bx)]+Sin[l(a+bx)Hf 1 +

2 (Cos[%(a+bx)]—sin[§(a+bx>])2

1

; +2Tan[l (a+bx)]
(Cos[%<a+bx)]+sin[§(a+bx>]) 2

Problem 11: Result more than twice size of optimal antiderivative.

JCsc[2a+2bx]4Sin[a+bx] dx

Optimal (type 3, 66 leaves, 6 steps):
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5ArcTanh[Cos[a+bx]] 5Sec[a+bx] 5Sec[a+bx]3 Csc[a+bx]2Sec[a+bx]?
_ . + _
32b 32b 96 b 32b

Result (type 3, 205leaves):
1

; Cscla+bx]®
24b (Csc[i (a+bx”2—5ec[§ (a+bx)}2>

[22740Cos[2 (a+bx)] +13Cos[3 (a+bx)] -30Cos[4 (a+bx)]|+13Cos[5 (a+bx)]|+

15Cos[3 (a+bx) | Log[Cos{% (a+bx)]]+15Cos[5 (a+bx)] Log[Cos|[= (a+bx)]] -

N RN R

15Cos[3 (a+bx) | Log[Sin[i (a+bx)]] -15Cos[5 (a+bx)] Log[Sin[~ (a+bx)]] +

Cos[a+bx] |-26-30 Log[Cos[

N |

(a+bx)]] +30Log[Sin[% <a+bx)H)

—

Problem 12: Result more than twice size of optimal antiderivative.

JCsc[2a+2bx]SSin[a+bx] dx

Optimal (type 3, 89leaves, 7 steps):
35 ArcTanh[Sin[a+bx]] 35Csc[a+bx] 35Csc[a+bx]3

+

256 b 256 b 768 b
7Csc[a+bx]3Sec[a+bx]? Cscla+bx]3Sec[a+bx]*
+
256 b 128 b

Result (type 3, 277 leaves):
19Cot[i (a+bx)] Cot[i (a+bx)] Csc[i (aerx)]2

384 b 768 b
35Log[Cos{% (a+bx)] —Sin[i (a+bx)]] ) 35Log[CosE (a+bx) ] +Sin[§ (a+bx)]] )
256 b 256 b
1 11

+ —

512 b (Cos[i (a+bx)] 7Sin[% (a+bx)])4 512 b (Cos[i (a+bx)] 7Sin[i (a+bx)”2
1 11

512 b (Cos{% (a+bx)] +Sin[§ (a+bx)])47 512 b (Cos[% (a+bx)] +Sin[§ (a+bx)”2

19Tan[% (a+bx)] Sec[i <a+bx)]2Tan[i (a+bx)}

384 b 768 b

Problem 28: Result more than twice size of optimal antiderivative.

JCsc[2a+2bx] Sin[a+bx]3dx

Optimal (type 3, 28 leaves, 4 steps):
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ArcTanh[Sin[a+bx]] Sin[a+bXx]
2b 2b

Result (type 3, 71leaves):
Log[Cos[i (a+bx)] —Sin[i (a+bx)]]
b

1

2

+

Log[Cos[i (a+bx)] +Sin[§ (a+bx)]] Sin[a+bx]

b b

Problem 30: Result more than twice size of optimal antiderivative.
JCSC[Za+2bx]3Sin[a+bx]3dlx
Optimal (type 3, 34 leaves, 3 steps):

ArcTanh[Sin[a+bx]] Sec[a+bx] Tan[a +b X]
+

16 b 16 b

Result (type 3, 69 leaves):

ﬁ —Log[Cos[i (a+bx)] ‘Si“[i (a+bx)]]+

Log[Cos{l (a+bx)] +Sin[l (a+bx)]] +secla+bx] Tan[a+bx]
2 2

Problem 32: Result more than twice size of optimal antiderivative.

JCSC[Za+2bx]SSin[a+bx]3d1x

Optimal (type 3, 70leaves, 6 steps):
15ArcTanh(Sin[a+bx]] 15Csc(a+bx] 5Csc[a+bx] Sec[a+bx]? Cscl[a+bx] Sec[a+bx]*

+

256 b 256 b 256 b 128b

Result (type 3, 219leaves):
Cot[i (a+bx)] 15 Log[Cos[% (a+bx)] 7Sin[i (a+bx)]]

+

64 b 256 b
15Log[Cos[%(a+be+Sin[§(a+bx)H 1
+ +
256b 512b(Cos[§(a+bx)}fsin[i(a+bx)])4
7 1

512 b (Cos{% (a+bx)] —Sin[% (a+bx)])2 512 b (Cos[% (a+bx) ] +Sin[% (a+bx)”4

7 Tan[§<a+bx)]

512b(Cos[§(a+bx)}+51n[§(a+bx)])2 64 b
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Problem 40: Result more than twice size of optimal antiderivative.

JCsc[a+bx} Sin[2a+2bx] dx

Optimal (type 3, 11leaves, 2 steps):
2Sin[a+bx]
b

Result (type 3, 23 leaves):
Cos[bx] Sin[a] Cos[a] Sin[bx]
+
b b

Problem 41: Result more than twice size of optimal antiderivative.

stc[a+bx} Csc[2a+2bx] dx

Optimal (type 3, 28 leaves, 4 steps):
ArcTanh[Sin[a + b x]] B Cscla+bx]
2b 2b

Result (type 3, 95leaves):
7Cot[i (a+bx)] ) Log[Cos[i (a+bx)] —Sin[i (a+bx)]]

+

4b 2b
Log[Cos[% (a+bx)] +Sin[i (a+bx)]] Tan[i (a+bx)]

2b 4b

Problem 42: Result more than twice size of optimal antiderivative.

JCsc[aerx} Csc[2a+2bx]?dx

Optimal (type 3, 49leaves, 5steps):

3ArcTanh[Cos[a+bx]] 3Sec[la+bx] Cscla+bx]?Sec[a+bx]
- +

8b 8b 8b

Result (type 3, 143 leaves):

(Csc[a+bx}4 2-6Cos[2 (a+bx)]|+2Cos[3 (a+bx) ]|+

3Cos[3 (a+bx)] Log[Cos[~ (a+bx)]]|-3Cos[3 (a+bx)] Log[Sin[~ (a+bx)]] +

1
2

(a+bx)]])])/

Cos[a+bx] [-2-3Log[Cos|[~ (a+bx)]]|+3Log[Sin]

I

N | =

(8 b (Csc [

N |

(a+bx)]2—5ec[§ <a+bx)]
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Problem 43: Result more than twice size of optimal antiderivative.
JCsc[a+bx} Csc[2a+2bx]3dx
Optimal (type 3, 66 leaves, 6 steps):

5ArcTanh[Sin[a+bx]] 5Cscla+bx] 5Cscla+bx]® Cscla+bx]3Sec[a+bx]?
- - +
16b 16b 48 b 16 b

Result (type 3, 215leaves):

713Cot[i (a+bx)] 7Cot[i (a+bx)] Csc[i (a+bx)]2

96 b 192b
5Log[Cos[§ (a+bx)] 7Sin[§ (a+bx)]] 5Log[Cos[§ (a+bx)] +Sin[i (a+bx)]]
16 b " 16 b "
1 1

32b (Cos[% (a+bx)] —Sin[% (a+bx)”2 732b (Cos[% (a+bx)] +Sin[§ (a+bx)”2

13Tan[% (a+bx)] Sec[i <a+bx)]2Tan[i (a+bx)}

96 b 192b

Problem 44: Result more than twice size of optimal antiderivative.

JCsc[aerx} Csc[2a+2bx]%dx

Optimal (type 3, 89leaves, 7 steps):
35ArcTanh[Cos[a+bx]] 35Sec[a+bx]
- +

+

128 b 128 b
35Sec[a+bx]3 7Cscla+bx]?2Sec[a+bx]® Cscl[a+bx]*Sec[a+bx]3
384 b 128 b 64 b

Result (type 3, 268 leaves):
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1
- Cscla+bx]'®

384 b (Csc[% (a+bx)}2—Sec[§ (a+bx”2)3

(—204+658Cos[2 (a+bx)]-228Cos[3 (a+bx)]|+140Cos[4 (a+bx)]-76Cos[5 (a+bx)]|-
218 Cos[6 (a+bx)| +76Cos[7 (a+bx)| -315Cos[3 (a+bx) | Log[Cos[% (a+bx)]]-
105 Cos [5 (a+bx) | Log[Cos{l (a+bx)]]+105C0s[7 (a+bXx) ]| Log[Cos{% (a+bx)]]+

2
(a+be]]+

3Cos[a+bx] |76 +185Log[Cos[— (a+bx) || -105Log[Sin|

N |
N |

315Cos[3 (a+bx) | Log[Sin[= (a+bx)]] +

[N NI

105 Cos [5 (a+bx) | Log[Sin[g (a+bx)]]-105Cos[7 (a+bx)]| Log[sSin]

N |

(a+bxu})

Problem 46: Result more than twice size of optimal antiderivative.
JCsc[a+bx}ZSin[2a+2bx]7d1x
Optimal (type 3, 44 leaves, 5steps):

16 Cos[a+bx]® 128Cos[a+bx]'¥® 32Cos[a+bx]1?
_ + _
b 5b 3b

Result (type 3, 91 leaves):
5Cos[2 (a+bx)] 5Cos[4(a+bx)| 5Cos[6(a+bx)]

8b 64 b " 48 b "
Cos |8 (a+bx)] Cos|[10 (a+bx)] Cos|[12 (a+bx”
32b 80b 192 b

Problem 61: Result more than twice size of optimal antiderivative.
JCsc[a+bx]3Sin[2a+2bx]8dlx
Optimal (type 3, 46 leaves, 4 steps):

256 Cos[a+bx]® 512Cos[a+bx]' 256Cos[a+bx]!3
_ . _
9b 11b 13b

Result (type 3, 104 leaves):
5Cos[a+bx] 25Cos[3(a+bx)] Cos[5(a+bx)]
- - +

4b 48 b 16 b
Cos[7 (a+bx)] Cos[9 (a+bx)] 73Cos[11 (a+bx)] 7Cos[13 (a+bx)]

+

8b 72b 176 b 208 b

+
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Problem 69: Result more than twice size of optimal antiderivative.
JCsc[a+bx}3Csc[2a+2bx] dx
Optimal (type 3, 43 leaves, 5steps):

ArcTanh[Sin[a+bx]] Csc[a+bx] Cscla+bx]3

2b 2b 6b

Result (type 3, 153 leaves):
7Cot[% (a+bx) ] Cot[i (a+bx)] Csc[% (a+bx)]2

24 b 48 b
Log[Cos[i (a+bx)] 7Sin[§ (a+bx)]] ) Log[Cos[i (a+bx)] +Sin[§ (a+bx)]] )

2b 2b
7Tan[§ (a+bx)] Sec[% (a+bx)}2Tan[% (a+bx)]

24 b 48 b

Problem 70: Result more than twice size of optimal antiderivative.

JCsc[a+bx}3Csc[2a+2bx]2dlx

Optimal (type 3, 70leaves, 6 steps):
15 ArcTanh[Cos[a+bx]] 15Sec[a+bx]
- +

32b 32b
5Cscla+bx]?2Sec[a+bx] Cscla+bx]*Sec[a+bx]
32b 16b

Result (type 3, 195leaves):
7Csc[§(a+bx”2 Csc{%(a+bx”4 15Log{Cos[§(a+bx>H

- - - +

128 b 256 b 32b
15Log[Sin[i(a+bx)H 7Sec[i(a+bx)]2 Sec[i(a+bx)]4
32b ' 128 b ' 256 b '
Sin{i(a+bx” Sin{%(a+bx”

4b (Cos[i (a+bx)] —Sin[i (a+bx)]) 4b (Cos[i (a+bx)] +Sin[i (a+bx)])

Problem 71: Result more than twice size of optimal antiderivative.

JCsc[a+bx}3Csc[2a+2bx]3d1x

Optimal (type 3, 81 leaves, 6 steps):
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7 ArcTanh[Sin[a+bx]] 7Csc[a+bx]
16b ) 16b
7Csc[a+bx]® 7Csc[a+bx]® Cscla+bx]>Sec[a+bx]?
48b ) 80 b ' 16b

Result (type 3, 222 leaves):

818 Cot : a+bx)| +1680 Log|Cos 1 a+bx)|-Sin
2 2

(o 0] ]] -

) 3840 b

N |

(a+bx)]]- 120 +

1 .
1680Log[Cos[2 (a+bx)] +sin] (cOs[i(abe)]—Sin[i(a+bX)])2

N |

6

392Csc[a+bx]3Sin| (a+bx)] +

(a+bx)]4+96Csc[a+bx1ssin[1
2

N |

120 49 1 s
+—Csc[= (a+bx)] sinfa+bx] +
(Cos[i(a+bx”+sin[i(a+bx)])2 2 2

iCsc:[

(a+bx)}GSin[a+bx} +818 Tan|
2

<a+bx)]

N |

1
2
Problem 72: Result more than twice size of optimal antiderivative.

JCsc[a+bx]3Csc[2a+2bx]4dlx

Optimal (type 3, 112leaves, 8steps):
~165ArcTanh[Cos[a+bx]] 1@5Sec[a+bx] 35Sec(a+bx] 3

256 b 256 b 256 b
21Cscla+bx]2Sec[a+bx]3® 3Cscla+bx]*Sec[a+bx]® Cscla+bx]®Sec[a+bx]3
256 b 128 b 96 b

Result (type 3, 278 leaves):
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1

0720 (csc [} (a+bx)]*-sec[2 a+0x) )]

Csc[a+bx]®? [1150—4752Cos[2 (a+bx)] +1600Cos[3 (a+bx)] +

504 Cos[4 (a+bx)| +1688Cos[6 (a+bx)| -660Cos[7 (a+bx)]-630Cos[8 (a+bx)]+

200 Cos[9 (a+bx) ] +2520Cos[3 (a+bx)] Log[Cos[i (a+bx)]] -
945 Cos [7 (a+bx) | Log[Cos[% (a+bx)]]+315Cos[9 (a+bx)] Log[Cos[% (a+bx)]] -
30 Cos[a+bx] 40+63Log[Cos[§ (a+bx)]] —63Log[Sin{§ (a+bx)]]] -

2520 Cos[3 (a+bx) | Log[Sin[= (a+bx)]|]+

1
[2
1
2

945 Cos[7 (a+bx) | Log[sin|[= (a+bx) ]| -315Cos[9 (a+bx)] Log[Sin[% (a+bx)]]]

Problem 123: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jsin[a+bx}3Sin[2a+2bx]"‘dlx

Optimal (type 5, 84 leaves, 2 steps):

2y . 1-m 4+m 6+m i )
(Cos[a+bx]?) 2 Hypergeometric2Fl| s s , Sinfa+bx]?|
b (4+m) 2 2

2
Sin[a+bx]3Sin[2a+2bx]™Tan[a + b x]
Result (type 6, 5212 leaves):

24 (4 4 m) Cos[l (a+bx)]651n[l (a+be2
2 2

Sin[a+bx]3(Cos[ (a+bx)]+sin]

(a+bx)] [—Sin[

N |

(a+bx) |

.

N R
N | W

Sin|2 (a+bem ((AppellFl[zﬂ, -m, 3+2m, ——

2 2
(a+bx”2, —Tan[i (a+bx>]2} Sec|

)

(a+bx)]2]/

(a+bx”2, ~Tan|

Tan|

N |
N |

2+m

4+m
[(4+m) AppellFl[ , -m,3+2m, —, Tan[
2

(a=bx)]’] -

2 (a+bx)]2]+

N R NP
N[RN[R

4+m 6+m 2
mAppellFl[T, 1-m, 3+2m, o Tan[~ (a+bx)]|", -Tan|

4+m 6+m

(3+2m) AppellF1| , -my 2 (24m),

)

2

Tan[g (a+bx”2, —Tan[% (a+bx”2} Tan[% (a+bx)]2) -

AppellFl[Z?m, -m, 2 (2+m), 4%, Tan[% (a+bx”2, —Tan[% (a+bx)]2]/
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2+m +m

s Tan[l (a+bx”2, —Tan[l (a+bx)]2} _

4
, =My 2 (24m),
2 2 2

( (4 +m) AppellF1]

2 mAppellFl[ﬂ,l—m,2<2+m), 6+m,Tan[l<a+bx)]2, —Tan{l(a+bx”2]+
2 2 2 2

4+m 6+m 1 2

2 (2+m) AppellFl{T, -m, 5+2m, - Tan{; (a+bx)]",
—Tan[l(a+bx>]2})Tan[l(a+bx”2))]/
2 2
4+m 1 7 s 1
(b (2+m) 2+m2 (4+m)Cos[;(a+bx)] Sln[;(a+bx”

(Cos[%(awx)] jm
, -m, 3+2m, 4%, Tan[% (a+bx”2, —Tan[% <a+bx)]2}

—Sin[% (a+bx)] +Sin[§ (a+bx)]

2+m

((AppellFl[

Sec[1 (a+bx)]2

2+m 4+m 1 2
/[(4+m) AppellF1[——, -m, 3+2m, ——, Tan| = (a+bx) ],
2

2 2 2

4+m 6+m 1 2
mAppellFl[T, 1-m,3+2m, - Tan[= (a+bx)]|",

—Tan[%(a+bx)]2]—2 A

—Tan[l (a+bx”2} +(3+2m) AppellFl[m, -m, 2 (2+m),
2 2

6+m

) Tan[

N R
3]
+
o
x
-
I
-
)
=]
\
©
+
o
X
-
)
=]

2+m 4+m

AppellF1] > =My 2 (2+m),

4+m

N

((4+m) AppellFl[z;m, -m, 2 (2+m), , Tan[E (a+bx” , —Tan[l (a+bx)]2} -
2 2 2

;m, Tan[% <a+bx)]2,

2

4+m 6
mAppellFl[——, 1-m, 2 (2+m),
2

1 2 4+m 6+m
~Tan[ = (a+bx) || +2 (2+m) AppellFl[T, -m, 5+2m, -
2

Tan[% (a+bx)]2, —Tan[% (a+bx”2}) Tan[% (a+bx)]2)] -

= 3. 24m (4+m>Cos[l(a+bx)]SSin[l(a+bx”3
2+m 2 2
1 1 o3 m
(Cos[;(a+bx)] —Sln{;(a+bx)]+51n[;(a+bx)] )
2+m 4+m 1 2 1 2
AppellF1[ =, —m, 3+2m, ——, Tan|[= (a+bx)], -Tan[= (a+b
((ppe [ 5 m, 3+2m 5 an[z(a+ x) | an[2<a+ x) "]
1 2 2+m 4+m 1
Sec[;(a+bx)] /[(4+m) AppellFl[——, -m, 3+2m, —, Tan[f(a+be ,

1 2 4+m 6+m 1 2
—Tan[;(a+bx)] | -2 mAppellFl[T,l—m,3+2m, ——, Tan ;(a+bx” ,

—Tan[l(a+bx”2}+(3+2m)AppellF1[4;m, -m, 2 (2+m),
2 2
6+m 1 2 1 2 1 2
,Tan[= (a+bx)]%, -Tan[= (a+b Tan[= (a+b -
5 an[z(a+ x” an[z(a+ x)]} an[z(a+ x”
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AppellFl[zﬂ,—m,Z(2+m), 4+m,Tan[l(a+bx”2,—Tan[l(a+bx)]2}/
2 2 2
((4+m) AppellFl[m,—m,2(2+m), 4+m,Tan[l(a+be2, —Tan[l(a+bx)]2}—
2 2 2
4+m 6+m 1 2
2 |mAppellFl[——, 1-m, 2 (2+m), T, Tan[g <a+bx)] ,
2
1 2 4+m 6+m
—Tan[;(a+bx” }+2(2+m)AppellF1[ , , -m, 5+2m, -

1 2
Tan[= (a+bx)]", -T
an[z(a+ x)] an[ A

(a+bx”2}) Tan[1 (a+bx)]2)] +

2
24" m (4 +m) Cos[1 (a+bx)]6sin[l (aerxH2
2+m 2 2

(Cos[% (a+bx)] {7Sin[§ (a+bx) ] +Sin[§ (a+bx)] o

(Cos[% (a+bx)] {—iCos[l (a+bx)] +EC05[§ (a+bx)]

2
(a+bx)] (7Sin[

%Sin[ i(a+bx)]+sin[§(a+bx”

N |

|

(a+bx)}2, -Tan]|

2+m

4+m 2
((AppellFl[ s, -my, 3+2m, —, Tan[
2 2

1
— b
(o]
2+m 4+m 1 2
/[(4+m) AppellF1[~——, -m, 3+2m, —, Tan| = (a+bx) ],
2 2

—Tan[% (a+bx)]2] -2

N |

Sec[% (a+bx)]2

4 +m 6+m
mAppellFl[i, 1-m,3+2m, ——
2

—Tan[l(a+bx”2}+(3+2m)AppellF1[u, -m, 2 (2+m),
2 2
6+m 1 2 1 2 1 2
,Tan[= (a+bx)]%, -Tan[= (a+b Tan[= (a+b -
A an[z(a+ x) | an[z(a+ x)]7] an[z(a+ x”]
AppellFl[z;m,—m,z(2+m), 4+m,Tan[1(a+bx”2,—Tan[l(a+bx)]2}/
2 2 2
((4+m) AppellFl[zﬂ,—m,Z(2+m), 4+m,Tan[l(a+bx”2,—Tan[l(a+bx)]2}—
2 2 2
2 mAppellFl[ﬂ,l—m,2<2+m), 6+m,Tan[l<a+bx)]2, —Tan{l(a+bx)]2]+
2 2 2 2
4+m 6+m 1 2
2 (2+m) AppellFl{T, -m, 5+2m, —, Tan{; (a+bx)]",
—Tan[l(a+bx”2} Tan[l(aerxHZ)JJrLZMm (4+m) Cos[l(aerxHG
2 2 2+m 2
o1 2 1 o1 . "
Sln[f(aerxH Cos[*(a+bx”(—Sln[f(a+bx”+51n[ (a+bx)]]
2 2 2
1

2+m

3
2
4+m
((AppellFl[ s -m, 3+2m, —— [
2

, Tan[; (a+be2, -Tan §<a+bx)]2}

/

+m 4+m 1 2 1 2
(<4+m) AppellFl|——, -m, 3+2m, —, Tan{; (a+bx) ], -Tan[= (a+bx)]|"] -
2 2

Sec[% (a+bx)]2Tan[§ (a+bx)]
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4+m 6+m 1 2 1 2
2 |mAppellFl[——, 1-m, 3+2m, —, Tan[; (a+bx)]", —Tan[;(a+bx)] |+
2
4 +m 6+m
(3+2m) AppellF1|——, -m, 2 (2+m), B
2
Tan[l(aerx)]z,—Tan[l(aerx)}z} Tan[l(aerx)]2 +
2 2 2
1 2 1 2+m 4 +m
Sec[7<a+bx)] (— m(2+m)AppellF1[1+ ,1-m,3+2m, 1+ B
2 4 +m 2 2

Tan[% (a+bx)]2, —Tan[% (a+bx”2} Sec[% (a+bx”2Tan[§ <a+bx)] -
4 +m

(2+m) (3+2m) AppellF1[1+ 2”", -m, 4+2m, 1+
4+m 2 2

(a+bx)]2Tan[l (a+bx)}))/

3

Tan[% (a+bx)]2, ~Tan|

N |

(a+bx)]2] Sec|

N |

2
2+m 4+m 1 2 1 2
((4+m) AppellF1l[——, -m, 3+2m, —, Tan{; (a+bx)]", —Tan[; (a+bx)]7] -
2

4+m 6+m 1 2 1 2
mAppellFl[T, 1-m, 3+2m, - Tan[; (a+bx)]", —Tan[; (a+bx) ] ] +

» =My 2 (24m), 6+m)
2

Tan[% (a+bx)]2, 7Tan[§ (a+bx”2} Tan[% (aerx)]2 -

2

4+m

(3+2m) AppellF1|

2+m 4 +m 1 2
[7 m(2+m) AppellF1[1 + ,1-my 2 (2+m), 1+ ——, Tan[ =~ (a+bx) |,
4 +m 2 2 2

7Tan[§ (a+bx>]2} Sec[% (a+bx)]2Tan[§ (a+bx)] i

2 (2+m)2Appe11F1[1+ 2+m, -m, 142 (2+m), 1+4ﬂ, Tan[l (a+bx”2,
2 2 2

—Tan{l(a+bx)]2]5ec{l(a+bx)]2Tan[1(a+bx”/
2 2 2
((4+m) AppellFl[m,—m,2(2+m), 4+m,Tan[E(a+be2, —Tan[l(a+bx)]2}—
2 2 2 2
4+m 6+m 1 2
2 mAppellFl[i,l—m,2<2+m), ,Tan[7<a+bx)] ,
2 2 2
4+m 6+m

~Tan| (a+bx”2} +2 (2+m) AppellF1]|

, -m, 5+2m, R

N R
N}

2

Tan[% (a+bx)]2, —Tan[% (a+bx”2} Tan[% (aerx)]2 +

[AppellFl[ZJr—m, -m, 2 (2+m), 4;"', Tan[1 (a+bx)]2, 7Tan[l (a+bx”2]
2 2 2 2
(72

4+m 6+m 1 2
mAppellF1[——, 1-m, 2 (2+m), - Tan[; (a+bx)]",
2

4+m 6+m
—_—y, -m, 5+2m, R
2

7Tan[§ (a+bx”2} +2 (2+m) AppellF1|

Tan[% (a+bx)]2, —Tan[% (a+bx”2} Sec[% (a+bx)]2Tan[§ (a+bx)]+
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2+m 4+m
s 1-my 2 (2+m), 1+ s
2
1

4+m 2

1
(4+m) |- m(2+m) AppellF1[1 +
1 (a+bx)]2Tan[l(a+be—

(a+bx)]2]5ec[ A

Tan[% (a+bx”2, -Tan|

N
N

m 4+m
s oMy 142 (24m), 1+ ,
2

1 5 2+
2 (2+m)?AppellF1[1 +
4+m 2

Tan[l(aerx)]z, —Tan[l(aerxHZ} Sec[l(a+bx”2Tan[1<a+bx)] -
2 2 2 2
1 2 1 4+m
2Tan[7<a+bx)] m|- 2 (2+m) (4+m) AppellF1[1 + ,1-m,
2 6+m 2
102 (2+m), 1+ ", 7an[ S (asbx)]?, Tan[® (a+bx)]’] sec|
2 2 2
(a+be2Tan[1 (a+bx)] + (1-m) (4+m) Appe11F1{1+4+m,
2 6+m 2
2—m,2(2+m),1+6+m,Tan[l<a+bx)]2, —Tan[l(a+bx)]2]
2 2
Sec[l(aerx)]zTan[l(a+bx)})+2(2+m) 1 m (4 +m)
2 2 6+m
4+m 6+m 1 2
AppellF1[1 + ,1-m,5+2m, 1+ , Tan[= (a+bx) ],
2 2 2
(4 +m)

7Tan[1 (a+bx”2} Sec[% (a+bx”2Tan[§ (a+bx)] -

2 6+m

m 6+m 1 2
,-m, 6+2m, 1+ ,Tan[= (a+bx)]",

fnes]))/

(5+2m) AppellF1 |1+ 4

—Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)]

(4 +m) AppellFl{zﬂ, -m, 2 (2+m), ﬂ, Tan{l (a+bx”2,
2 2 2

1 2 4+m 6+m
—Tan[;(a+bx>] | -2 mAppellFl[T,l—m,2(2+m), -
Tan[l(a+bx>]2,—Tan[l<a+bx)]2]+2<2+m)Appe11F1[4+m,—m,
2 2

2
5+2m, M,Tan[l(aerx)]z, —Tan[ (a+bx)}2} Tan[l(aerx)]2 -
2 2 2

= Nk

2+m 4+m 1 2 1 2
AppellF1[——, -m, 3+2m, ——, Tan| = (a+bx) |, -Tan| = (a+bx)]"]
2 2 2 2

1 2 4 +m 6+m 1 2
Sec[;(a+bx)] [—Z(mAppellFl{T,1—m,3+2m, o Tan{g(a+bx)] s
4+m 6+m
—, -m, 2 (2+m), -

-Tan 1 (a+be2} + (3+2m) AppellF1|
2

[
1
2

Tan| (a+bx)]2, 7Tan[l(a+bx)}2} Sec[l(aerx)]zTan[l(a+bx”+
2 2 2
1 m 4+
(4+m) |- m(2+m) AppellF1[1 + ,1-m,3+2m, 1+ s
4+m 2 2
Tan[1 (aerxHZJ —Tan[l (a+bx)]2] Sec[1 <a+bx)]2Tan[E (a+bx” -
2 2 2 2
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2+m 44+m
+m +2m) Appe + > -my 4+2m, 1+
(2+m) (3+2m) AppellF1[1 4+2m, 1

4+m 2 2 ’
Tan[l(a+bx)]2, —Tan[l(a+bx”2} Sec[l(a+be2Tan[l(a+bx)] -
2 2 2 2
1 2 1 4+m
2Tan[~ (a+bx)|" [m|- (4+m) (3+2m) AppellF1[1+ ——, 1-m,
2 6+m 2

6+m
4:2m, 1+

N Tan[

N |

(a+bx)]2, —Tan[i (a+bx”2]

Sec[1 (aerxHZTan[1 (a+bx)] + (1-m) (4+m) AppellF1|
2 2

6+m

4 +m 6+m 1 2 1 2
1 ,2-m, 3+2m, 1 , Tan[= b , —Tan|[ = b
+ A m,3+2m, 1+ A an[z(a+ x” an[z(a+ x)]}
Sec[l(a bx)]ZTan[l(a be (3+2m) (
— (a+ — (a+ + (3 + -
2 2 6+m

4+m 6 1 2
m (4+m) AppellF1[1 + ;1-my 2 (2+m), 1+ A ,Tan{;(a+bx)],
2

~Tan| (a+bx”2} Sec[i (a+bx)}2Tan[

N |

4+m
(4 +m) AppellF1[1 +
2 2 2

—Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)]

2+m 4+m 2 1 2
(<4+m) AppellF1[ =, -m, 3+2m, ——, Tan[ =~ (a+bx)]", -Tan[ = (a+bx) ]| -
2 2 2

44+m 6+m 1 2 1 2
2 (mAppellFl[?, 1-m,3+2m, o Tan[; (a+bx)]", —Tan[; (a+bx)]7] +

4+m 6
(3+2m) AppellF1[——, -m, 2 (2+m),
2

~Tan[ (a+bx)]’]| Tan[ <a+bx>]2]2]J]

2 2

Problem 124: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JSin[a+bx}ZSin[2a+2bx]"‘d1x

Optimal (type 5, 84 leaves, 2 steps):

1-m
2

) A 1-m 3+m 5+m X 5
(Cos[a+bx]?) = Hypergeometric2Fl| s s , Sinfa+bx]?]
b (3+m) 2 2 2

Sin[a+bx]2Sin[2a+2bx]™Tan[a + b x]
Result (type 6, 5195 leaves):

[23*"' (3+m) Cos[l (a+bx)]ssin[l (a+bx)]sinfa+bx]?
2 2

(Cos{% (a+bx)] —Sin{% (a+bx)] +Sin[§ (a+bx)]

)msin[z (a+bx)]"
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(— (AppellFl[ﬂ, -m, 3+2m, 3+_m’ Tan[1 (a+bx)]2, —Tan[l (a+bx”2]/
2 2 2

(<3+m) AppellFl{lﬂ, -m, 3+2m, 3+_m) Tan{l (a+be2, —Tan[l (a+be2} -
2 2 2

3+m 5+m 1 2 1 2
2 mAppellFl[T,l—m,3+2m, - Tan[; (a+bx)]", —Tan[;(a+bx)] ]+

3+m 5+m

(3+2m) AppellF1[——, -m, 2 (2+m), s
2
Tan[l(aertz, —Tan[l(a+bx”2} Tan[l(aerx)]z)JJr
2 2 2
(AppellFl[m, -m, 2 (1+m), 3+m,Tan[1 (a+bx)]2, —Tan[l (a+bx”2}
2 2 2

2
Sec[% (a+bx)]2J/

((3+m) AppellFl[m, -m, 2 (1+m), 3+m, Tan[1 (a+bx>}2, —Tan[l (a+bx)]2} -
2 2 2 2

2 mAppellFl[M, 1-m, 2 (1+m), 5+m, Tan[1 <a+bx)]2, —Tan[l (a+bx)}2] +
2 2 2 2
2 (1+m) AppellFl[M, -m, 3+2m, 5;, Tan[1 (a+bx)]2, —Tan[l (a+bx”2})
2 2 2

b (1+m)

2
Tan{i (a+bx”2])]/

1 1 6
22m (3 Cos| = b
(1+m ( +m) 05[2(a+ XH

Cos[% (a+bx” —Sin[l (a+bx” JrSin[i <a+bx)]

2 2
1+m 3+m
(— (AppellFl[i, -m, 3+2m, ——
2

(a+bx)}2]/

s Tan[1 <a+bx)]2, -Tan|

2

1+m 3+m
((3+m> AppellFl[~——, -m, 3+2m, —
2

N |

,Tan[l(aerx)]z, —Tan[l(aertz}—
2 2
3+m 5+m 1 2 1 2
2 |mAppellFl[~——, 1-m, 3+2m, —, Tan|— (a+bx” B —Tan[—<a+bx)] |+
2 2 2 2
3+m 5+m
(3+2m) AppellF1|——, -m, 2 (2+m), -
Tan[l(a+bx)]2,—Tan[l(a+bx”2})Tan[l(a+bx)]2)]+
2 2 2

AppellF1 1+—m,—m,2 1+m), 3+_m) Tan 1 a+bx 2,—Tan l a+bx 2
2 2 2 2

Sec[l<a+bx>]2]/[(3+m) AppellFl[“—m:-mﬂ(“m)’ B
2 2 2
Tan[l (a+bx)]2, —Tan[l (a+bx)]2] -2 mAppellFl[M, 1-m, 2 (1+m),
2 2 2
5+m, Tan{l (a+bXH2) ‘Ta“[l (a+bx)]2} +2(1+m) AppenFl[%—m’ -
2 2 2 2

5+m 1 2 1 2
3:2m, >——, Tan|— b , —Tan[= b
+2m X an[z(a+ x] an[z(a+ x)]]
)

Tan[

N |

(a+bx”2)) -

1

1+m
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(Cos[% (a+bx)] [—Sin{% (a+bx)] +Sin[§ (a+bx)] )m

! <a+bx)]2, —Tan{% (a+bx”2]/

2

1+m

3+m
(— (AppellFl[ , =M, 3+2m, —, Tan|
2

(<3+m> AppellFl{lﬂ, -m, 3+2m, 3+_m) Tan{l (a+bx)]2, —Tan[l (a+bx”2} -
2 2 2
2 mAppellFl[M, 1-m, 3+2m, Sﬂ, Tan[l (a+be2, —Tan[l <a+bx)]2] +
2 2 2 2
3+m 5+m
—, -m, 2 (2+m), -

(a+bx”2}) Tan[% (a+bx)]2)] +
(a+bx)]’]

1 2 1+m +m
Sec[g a+bx)] J/[(3+m) AppellFl[T, -m, 2 (1+m), -

(3+2m) AppellF1]

Tan| (a+bx)]2, ~Tan|

)
1 1
2 2
1+7m, -m, 2 (1+m), 3;m, Tan[% (a+bx)]2, ~Tan|

(AppellFl[

whN R

Tan[% (a+bx)]2, —Tan[% (a+bx)]2] -2

3+m
mAppellFl[ —, 1-m, 2 (1+m),
2

5+m

B Tan[1 (a+bx”2, —Tan[l (a+bx)]2} +2 (1+m) AppellFl[M, -m,
2 2

2 2
Tan[1 (a+bx”2]) +

3+2m, S;m, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2]
2 2

2 2

- 2>"m (3+m) Cos[% (a+bx)]SSin[§ (a+bx)]
(Cos[% (a+bx)] [—Sin{% (a+bx)] +Sin[§ (a+bx)] o

Cos[% <a+bx)] [—%Cos[i (a+bx” +§Cos[§ (a+bx”

11
;Sln[; (a+bx”

—Sin[% <a+bx)] +Sin[§ (a+bx”

(7(AppellF1[1;m, -m, 3+2m, 3+_m’ Tan[1 <a+bx)]2, 7Tan[l (a+bx)}2]/
2 2 2
((3+m) AppellFl[l;m, -m, 3+2m, 3+—m, Tan[1 (a+bx)]2, 7Tan[1 (a+bx”2} -
2 2 2 2

3+m 5+m 1 2 1 2
2 [mAppellF1[~——, 1-m, 3+2m, —, Tan[= (a+bx) |, -Tan[= (a+bx)| | +
2 2 2 2
3+m 5+m
(3+2m) AppellF1[——, -m, 2 (2+m), s
2

Tan[% (a+bx)]2, —Tan[% (a+bx”2}) Tan[% (a+bx)]2)J +

[AppellFl[lJr—m, -m, 2 (1+m), 3+m) Tan[1 (a+bx)]2, —Tan[l (a+bx”2]
2 2 2
1 2 1+m 3+m
Sec[;(a+bx)] J/[(3+m AppellFl[T,—m,2(1+m>, -

)
Tan[1 (a+bx)]2, —Tan[1 (a+bx)]2] -2 mAppellFl[M, 1-m,2(1+m),
2 2 2
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Szm,Tan[i(a+bx”2,—Ta“[§<a+bx>]2}+2<1+m> AppenFl{B%m’ -
3+2m, S%m, Tan[i(a+bx)]2,—Tan[§<a+bx)]2] Tan[%(a+bx”2])+
1 5 1 Seirl 1
EZ (3+m) Cos[2 (a+bx)] Sln[2 (a+bx)] Cos[2 (a+bx)]
(—Sin[i(a+bx)]+sin[§(a+bx” ]

+m

1 1 3+m 1 2
(—((— m (1+m) AppellF1|1 + ,1-m,3+2m, 1+ , Tan[= (a+bx) ],
3+m

2 2 2

—Tan[% (a+bx”2} Sec[% (a+bx”2Tan[§ (a+bx)] -

1+m 3+m
(1+m) (3+2m) AppellF1[1+ A ,-m, 4+2m, 1+

3
3+m

Tan[

N | R

(a+bx>]2, ~Tan]| (a+bx)]2] Sec|

N |

(a+bx)]2Tan{

(a+bx)})/
RCBIRE

2 1 2
(a+bx)]", 7Tan[£(a+bx)] |+

N |

1+m
((3 +m) AppellF1[ ——

, -m, 3+2m, 3+7m, Tan[ (a+bx)]2, —Tan[
2

2

3+m 5+m
mAppellFl[i, 1-m,3+2m, ——
2

—
Q
=

)

NIRNIP N R

3+m

v
+
E

(3+2m) AppellF1|

> =My 2 (24m),

B

2

Tan[% (a+bx)]2, 7Tan[§ (a+bx”2}) Tan[% (a+bx)]2J] +

[AppellFl[lJr—m, -m, 2 (1+m), 3+m, Tan[1 (a+bx)]2, 7Tan[l (a+bx”2]
2 2 2 2

Sec[1 (aerx)]zTan[l (a+bx)] /

2 2
3 1 2 1 2
>, —my, 2 (1 , —, Tan| — b , -Tan|[—= b -
m, 2 (1+m) A an[z(a+ x) | an[z(a+ x)]7]
3+m 5+m 1 2
mAppellF1[~——, 1-m, 2 (1+m), - Tan[; (a+bx) ],
2

1+m

( (3+m) AppellF1]|

2

1 2 3+m 5+m
~Tan[= (a+bx) || +2 (1+m) AppellFl[T, -m, 3+2m, 5
2

Tan{% (a+bx)]2, —Tan[% (a+be2} Tan[% (a+bx)]2 +

Sec|~ (a+bx

N

2 1 1+m 3+m
] (-3 mm(1+m)Appe11F1[1+ 5 > 1-my 2 (1+m), 1+ -
N

(a+bx)}2} Sec| (a+be2Tan[

N |

Tan| (a+bx)]2, ~Tan|

N |

1
; <a+bx)]—

2 1+m
2 (1+m)*AppellF1[1 +
3+m 2

N |
N |

1

3+m

2

Tan[% (a+bx)]2, 7Tan[§ (a+bx)]2] Sec[i (a+bx)]2Tan[§ (a+bx)]

, =My 142 (14m), 1+

)

)/

, -m, 2 (1+m), 3;m, Tan[l (a+bx”2, —Tan[1 (a+bx)]2} -
2 2 2

1+m

(3+m) AppellF1]|
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3+m 5+m 1 2
2 [mAppellF1[~——, 1-m, 2 (1+m), A ,Tan[;<a+bx)] s
1 2 3+m 5+m
—Tan[; (a+bx)]"]+2(1+m) AppellFl[T, -m, 3+2m, -
Tan[l(a+bx)]2,—Tan[l(a+bx”2} Tan[l(a+bx)]2 -
2 2 2
[AppellFl[m, -m, 2 (1+m), 3+m,Tan[1 (a+bx)]2, —Tan[l (a+bx)]7]
2 2 2 2
Sec[l(a+bx)]2[72(mAppellF1[3;m,1fm,2(1+m), 5+7m, Tan[l(aerxHZ,
2 2 2 2
1 2 3+m 5+m
—Tan[f(a+bx” }+2(1+m)AppellF1[7, -m, 3+2m, -
2
Tan[l(aerx)]z, 7Tan[l(a+bx”2} Sec[l(aerx)]zTan[l(a+bx”+
2 2 2 2
1 1+m 3+m
(3+m) |- m (1+m) AppellF1[1 + ,1-my 2 (1+m), 1+ s
3+m 2 2
Tan[l(a+bx”2,7Tan[1(a+bx)]2]5ec[1(a+bx)]2Tan[l(a+bx”7
2 2 2 2
1 5 1+m 3+m
2 (1+m)*AppellF1[1+ ;=M 142 (1+m), 1+ B
3+m 2 2
Tan[l(a+bx)]2,—Tan[l(a+bx”2} Sec[l(a+be2Tan[l(a+bx)] -
2 2 2 2
2Tan[l(a+bx)]2 m |- ! 2 (1+m) <3+m>Appe11F1[1+3+m,1—m,
2 5+m 2
1+2(1+m),1+5+m,Tan[1(a+bx)]2,7Tan[£(a+bx)]2]5ec[1
2 2 2
2 1 3+m
(a+bx) | Tan[= (a+bx) ]|+ (1-m) (3+m) AppellF1 |1+ ,
2 5+m 2
2—m,2(1+m),1+5+m,Tan[1<a+bx)]2, —Tan{l(a+bx)]2]
2 2 2
Sec[l(a+bx)]2Tan[l(a+bx)})+2(1+m) - m(3+m)
2 2 5+m
3+m 5+m 1 2
AppellF1|[1 + ,1-m,3+2m, 1+ ,Tan[;(a+bx” s
1 2 1 2 1
-T — b S - b T — b - 3
an[z(a+ x)]"] ec[z(a+ x) | an[z(a+ x) | 5+m< +m)

3+m 5+m 1 2
(3+2m) AppellF1[1 + ,-m, 4+2m, 1+ , Tan[= (a+bx) ],

2 fnes1)]))/

—Tan[l (a+bx)]2] Sec[l (aerx)]zTan[1 (a+bx)]

2 2 2
(3+m) AppellFl[lﬂ, -m, 2 (1+m), 3+m) Tan[l (a+bx”2,
2 2 2
—Tan[1 (a+bx>]2} -2 mAppe11F1[3+—m, 1-m, 2 (1+m), 5+m)
2 2 2

3+m

Tan[l (a+bx>]2, —Tan[l (a+bx)]2] +2 (1+m) AppellF1| , -m,

2 2
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m} Tan{% (a+bx)]2, —Tan[% (a+bx)}2} Tan{% (a+bx)]2 2+

5+
3+2m,

(a+bx)]’]

N |

1+m 3+m 1 2
(AppellFl[—, -m, 3+2m, —, Tan[ = (a+bx)|", -Tan|
2 2 2

+m

s Tan[l (a+bx>]2, 7Tan[§ (a+bx)]2] +

3+m 5
mAppellFl[~——, 1-m, 3+2m,
2 2

-2

1 2
)T - b F)
A an[z(a+ x”

3+m 5
(3+2m) AppellF1|——, -m, 2 (2+m),
2

—Tan[% (a+bx)}2} Sec[% (a+bx)]2Tan[§ (a+bx)]+

1+m +m
(3+m) (— m(1+m) AppellF1[1+ ,1-m,3+2m, 1+ s
3+m 2
Tan[l(a+be2,—Tan[l<a+bx)]2]5ec[l(a+bx)]2Tan[l(a+bx”—
2 2 2 2
1+m 3+4m
(1+m) (3+2m) AppellF1[1+ ,-m, 4+2m, 1+ —o
3+m 2 2
Tan[l(aerx)]z, —Tan[l(aertz} Sec[l(a+bx”2Tan[1<a+bx)] -
2 2 2 2
2Tan[1<a+bx)]2 m |- = (3+m) (3+2m>AppellF1[1+3+m,17m,
2 5+m 2
4+2m,1+5+m,Tan[1(a+bx)]2, 7Tan[l(a+bx”2]
2 2
Sec[l (a+bx”2Tan[l (a+bx)] + (1-m) (3+m) AppellF1|
2 2 5+m
1+3+m,2—m,3+2m,1+5+m,Tan[l(a+bx”2, —Tan[l(a+bx)]2}
2 2 2 2
1 2 1 1
S — b T - b 3+2 -
ec[2 (a+bx)] an[2 (a+bx) ]|+ (3+2m) —
3+m 5+m 1 2
m (3 +m) AppellF1[1 + A ,1-my, 2 (2+m), 1+ A ,Tan[g(aerx)] B
1 2 1 2 1
~Tan[= (a+bx) || sec|= (a+bx)] Tan[= (a+bx) |- 2 (2+m)
2 2 2 5+m

3+m 5+m 1 2
(3+m) AppellF1[1+ , -Mmy, 142 (2+m), 1+ , Tan[= (a+bx) ],
2 2 2
—Tan[l(a+bx)]2]Sec[1(a+bx)]2Tan[l(a+bx”)]])/
2 2 2
(<3+m>AppellF1[1;m,—m,3+2m, M, Tan[l(a+bx)]2, —Tan[l(a+bx”2}—
2 2 2 2
3+m 5+m 1 2 1 2
Z(mAppellFl[i, 1-m,3+2m, —, Tan|[~ (a+bx)] , —Tan[; (a+bx)} |+
2 2 2
(3+2m) AppellFl[M, -m, 2 (2+m), M, Tan[1<a+bx)]2,
2 2 2

_Tan[i <a+bX)]2] Tan[% (a+bx)]2J2JJ]

Problem 125: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

JSin[a+bx} Sin[2a+2bx]™dx

Optimal (type 5, 82leaves, 2 steps):

1 2y A 1-m 2+m 4+m X )
(Cos[a+bx]?) Hypergeometric2Fi | s , , Sinfa+bx]?]

b (2+m) 2 2 2
Sin[a+bx] Sin[2a+2bx]™Tan[a + b x]

Result (type 5, 170leaves):
1

2—1—m e—j (a+b x) (1_ e41'1 (a+bx)>*m (_]-]_ e—ZJ‘L (a+b x) <_1+ e41‘1 (a+bx) ) )m
b(-1+4m?)

(1-2m) Hypergeometric2F1|[~ (-1-2m), -m, 1 (3-2m), e*! (@00 ]
4

FNQRN

et (X (14 2m) Hyper‘geometr‘icZFl[1 (1-2m), -m, : (5-2m), e (200 ]
4 4

Problem 126: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

stc[a+bx} Sin[2a+2bx]"dx

Optimal (type 5, 72leaves, 2 steps):

1 in

— (Cos[a+bx]?)

bm

1-m m 2+m

Hypergeometric2F1[ ~——, —, , Sinfa+bx]?| Sec[a+bx] Sin[2a+2bx]"
2 2 2

Result (type 6, 1737 leaves):

2+m

[(2+m) AppellFl[m, -m, 2m, s Tan[l (a+bx”2, —Tan[1 (a+bx)]2}
2 2 2
Csc[a+bx] Sin|[2 (a+bx)}2m

2

m 2+m

—5 -my,2m, —, Tan[
2

bm

(2+m) AppellF1]|

4 +m

2+m
2m AppellFl[i, 1-m,2m, —
2

2+m

2

, -m, 1+2m, u, Tan[1 (a+bx)]2, —Tan[l <a+bx)]2] Tan[1 (a+bx>]2
2 2 2 2

2+m

([2 (2+m) AppellFl[m, -m, 2m, s Tan[l (a+bx”2, —Tan[l <a+bx)]2]
2 2 2

Cos[2 (a+bx)]sin|2 (a+bx)]71+m)/

[(2+m) AppellFl[m, -m, 2m, 2+_m) Tan[l (a+bx”2, —Tan[1 (a+bx>]2} -
2 2 2 2
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+m

2+m 4
2m |AppellFl[~——, 1-m, 2m, —
2

s Tan{% (a+be2, —Tan[% (a+bx”2} +

2+m

2 AppellF1]| , -m, 1+2m, ﬂ) Tan{l (a+bx”2, —Tan[l (a+bx)]2}
2

2 2
an[ > (2] %] + [ (2m) sin[2 (abx]|"

(— mZAppe11F1[1+m, 1-m,2m, 1+ 2+m’ Tan[l (a+be2, —Tan[l (a+bx)]2}
2+m 2 2 2 2

(a+bx)] -

) m 2+m
2m? AppellF1[1+ —, -m, 1+2m, 1+ s
2+m 2 2

(a+bx)}))/
(asbx)]7] -

(a+bx)]’] +

Sec| (a+bx)]2Tan[

N |

(a+bx)]2] Sec[1 (a+bx)]2Tan[

(a+bx)]2, -Tan]| A

Tan[

N |
N |

m 2+m 1 2
—=, -m,2m, —, Tan|[ = (a+bx)] , ~Tan|
2 2 2

m|(2+m) AppellF1]

N |

4+m
_—, Tan[

2m (a+bx)]2,—Tan[

2+m
AppellF1 [ — 1-m, 2m,
2

N |
N |

2+m 4 +m 1 2 1 2
2 AppellF1|——, -m, 1+2m, —, Tan[~ (a+bx)} , -Tan| = (a+bx” })
2 2 2 2

Tan[% (a+bx”2)J - (2+m) AppellFl[g, -m, 2m, Z%m,
Tan[% (a+bx”2, —Tan[% (a+bx)]2} Sin[z (a+bx)]m

-2m

Appe11F1[2+—m, 1-m, 2m, 4;m) Tan[l (a+bx”2, —Tan[1 (a+bx”2} +
2 2 2 2

2+m 4+m 1 2 1 2
2 AppellFl[——, -m, 1+2m, ——, Tan[= (a+bx) ], —Tan[; (a+bx)]"]
2 2 2

Sec[l (a+beZTan[1 (a+bx)] +(2+m) 1 mZAppe11F1[1+m, 1-m,
2 2 2+m 2

2
2m, 1+

;m, Tan{% (a+bx)]2, —Tan[% (a+be2} Sec[% (a+bx”2

(a+be— 2m2AppellF1[1+m, —m,1+2m,1+2+m,

Tan[
2+m 2 2

Tan[ (a+bx)}2, —Tan[i (a+bx”2} Sec[i (a+bx”2Tan[% (a+bx)] -

1 2 1 2+m 4+m
2mTan[;(a+bx)] —4+m2m(2+m)AppellF1[1+ " ,1-m,1+2m, 1+ -

Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] Sec[1 (aerx)]zTan[1 (a+bx” +
2 2 2 2

2+m 4+m 1 2

(1-m) (2+m) AppellF1 |1+ ,2-m,2m, 1+ , Tan[= (a+bx) ],

4 +m 2 2 2

—Tan[% (a+bx>]2} Sec[% (a+bx)]2Tan{§ (a+bx)]+

1 2+m 4 +
2 - m(2+m) AppellF1[1+ ~——, 1-m, 1+2m, 1+

1
4o m,Tan[;(aerxHZ,

(a+bx”2Tan[

N\I—‘N

~Tan| (a+bx”2} Sec|

N |
N |

(a+bx)]—4+m
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2+m 4+m 1 2
(2+m) (1+2m) AppellF1[1+ »-my,242m, 1+ ——, Tan[= (a+bx) |,

2 2 2
—Tan[l(a+bx)]2]5ec[1(a+bx)]2Tan[l(a+bx)}))])/
2 2 2
m 2+m 1 2 1 2
m|(2+m) AppellF1[—, -m, 2m, ——, Tan[ =~ (a+bx)]", -Tan[ = (a+bx) ]| -
2 2 2 2
2+m 4 +m 1 2
2m [AppellF1[——, 1-m, 2m, —, Tan[ = (a+bx)|",
2 2 2

1 2 2+m 4+m
~Tan[ = (a+bx) | }+2Appe11F1[?,—m,1+2m, -
2

Sl

Problem 127: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[1

N (a+bx>]2, -Tan]| (a+bx)]2] Tan|

N |
N |

JCsc[a+bx}zsin[2a+2bx]"‘dlx

Optimal (type 5, 85leaves, 2 steps):

1 im
- (Cos[a+bx]?) 2 Cscla+bx]
b(1-m)

m
Hypergeometric2F1|[ —,
2

1+m

~——, Sin[a+bx]?| Sec[a+bx] Sin[2a+2bx]"

(—1+m), 5

N |

Result (type 6, 4498 leaves):

[2’1“"Co‘c[1 (a+bx)] Cscra+bx]?
2

(Cos[% (a+bx)] [7Sin[§ (a+bx)] +Sin[i (a+bx)]

5 )mSin[Z (a+bx)

]
(a+bx)]2, 7Tan[§ (a+bx)}2])/

( [ (1+m) ? AppellF1|
“—1+m)

[(1+m) AppellFl[% (-1+m), -m, 2m, %, Tan[1 (a+bx”2, ~Tan| = <a+bx)]2] -

N |

(-1+m), -m, 2m, 1+7m, Tan|
2

2m

AppellFl[lJr—m, 1-m, 2m, 3+_m, Tan[1 (a+bx)]2, 7Tan[1 (a+bx”2} +
2 2 2 2

1+m

2 AppellF1]| ,-m, 1+2m, ﬂ, Tan[l (a+bx”2, —Tan[1 (a+bx>]2}
2

2 2 2
Tan[i(a+bx”2))+ em 3om
2

(3+m) AppellF1| , -m, 2m,
2

Tan[i (a+bx”2, —Tan[% (a+bx>]2} Tan[1 (a+bx)]2]/

2

(3+m) AppellFl[lﬂ, -m, 2m, ﬂ, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] -
2 2 2 2
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+m

3+m 5
2m |AppellFl[~——, 1-m, 2m, —
2

s Tan{% (a+be2, —Tan[% (a+bx”2} +

3+m

2 AppellF1]| , -m, 1+2m, 5+_m) Tan{l (a+bx”2, —Tan[l (a+bx)]2})
2

]/[b (1+m) 2 2

Tan[% (a+bx”2]

1 1 2 1 1 3 "
- 273" Csc | — b Cos| — b (-s‘ - b Sin| = b )
( - sc[2 (a+bx)] os{2 (a+bx)] 1n[2 (a+bx)]+ 1n[2 (a+bx)]
2 1 +m 1 2
((1+m) AppellF1[= (-1+m), -m, 2m, ——, Tan| =~ (a+bx)]",
2 2
—Tan{l(a+bx)]2]J/[(—1+m) (1+m) AppellFl[l(—1+m>,—m,2m, ﬂ:
2 2 2
Tan{l (a+bx)]2, —Tan[l (a+be2} -2m AppellFl[lJr—m, 1-m, 2m, 3+m)
2 2 2 2
Tan[l(a+bx)]2,—Tan[l(a+bx)}2}+2AppellF1[1ﬂ,—m,1+2m,
2 2
3+m,Tan[1<a+bx)]2, —Tan[l(a+bx)]2]JTan[l<a+bx)]2J]+
2 2 2
(3+m) AppellFl[ﬂ, -m, 2m, M, Tan[1 (a+bx>]2, —Tan[l (a+bx)]2]
2 2 2

1+m 3+m 1 2
s -m, 2m, —, Tan[; (a+bx)]",
2

Tan[% (a+bx)}2)/ ((3+m) AppellF1]

1 2 3+m 5+m
—Tan[f(a+bx>] | -2m |AppellFl|~—, 1-m, 2m, —,
2 2 2
Tan[l(aerx)]z,—Tan[l(a+bx”2}+2AppellF1[3;m, -m, 1+2m,
2 2
5+m 1 2 1 2 1 2
,Tan[= (a+bx)]’, Tan[= (a+b Tan[= (a+b
A an[2<a+ x) | an[z(a+ x”]) an[2<a+ x) | +
1 1 1 1 3 ~14m
27" mCot| — b Cos|— b -Sin| — b Sin|[ = b )
- mo[z(a+ x) | os[z(a+ x) | 1n[2(a+ x) ]+ 1n[2(a+ x) |
1 1 1 3 3
Cos[= (a+bx)]| [-=Cos[= (a+b Zcos[> (asbx]]]| -
(os[z(a+ x)][ A os[z(a+ XH+2 os[z(a+ x) |
%Sin[i(a+bx” (—Sin[i<a+bx)]+sin[§(a+bx” ]
(((1+m)2AppellF1[l(—1+m),—m,2m, 1+7m, Tan[l(a+bx)]2, —Tan[l(aertz]J/
2 2 2 2
((—1+m) (1+m)AppellF1[1(—1+m),—m,2m, ﬂ,Tan[l(aerxHZ,
2 2 2
1 2 1+m 3+m
—Tan[f(a+bx)] |-2m AppellFl[T,l—m,Zm, -
2

1+m
Tan

—

1 (a+bx”2, —Tan[l <a+bx)]2] +2 AppellF1| , -m, 1+2m,
2 2

3+m

- Tan[% (a+bx”2, 7Tan[§ (a+bx)]2} Tan[% (a+bx”2]) +
(3+m) AppellFl[lJrTm, -m, 2m, 3+_m) Tan[i (a+bx)]2, —Tan[% (a+bx”2}
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Tan[l(a+bx)]2 /[(3+m) AppellFl[lJr—m,—m,Zm, 3+_m’ Tan[l(a+bx)]2,
2 2 2
1 2 3+m 5+m
—Tan[g(a+bx)] | -2m AppellFl[T,l—m,Zm, -

N |

an[ > (201", Tan[ > (a+0x)1°] + 2appe11Fa[ZF, m, 12,
2 2

5+m 1 2 1 2 1 2
—Y) T — b , -T — b T — b
X an[z(a+ XH an[z(a+ x)]} an[z(a+ XH )+
2*1*"'Cot[1(a+bx)] Cos[l(a+bx)] [7Sin[1(a+bx)]+sin[i(a+bx” )m
1+m 2 2 2 2
( (1+m)2 o (—1+m>mAppe11F1[1+1(—1+m),1—m,2m,1+1+m,
1+m 2 2
Tan[l(a+bx)]2,—Tan[l(a+bx”2} Sec[l(a+bx”2Tan[l(a+bx)]—
2 2 2 2
1 1 1+m
2 (-1+m) mAppellF1[1+ = (-1+m), -m, 1+2m, 1+ ,
1+m 2 2
Tan[l(a+bx)]2,7Tan[£(a+bx)]2]5ec[l(a+bx)]2Tan[l(a+bx”))/
2 2 2 2
((—1+m) (1+m)AppellF1[1<—1+m),—m,2m, m,Tan[l(aerxHZ,
2 2 2

1 2 1+m 3+m
—Tan[f(aerx)] |-2m AppellFl[T,l—m,Zm, -
2

1+m

Tan , -my, 1+2m,

—

: (a+bx>]2, —Tan[l <a+bx)]2] +2 AppellF1|
2 2

B;m, Tan[% (a+bx”2, 7Tan[§ (a+bx)]2} Tan[% (a+bx”2]) +

[(3+m) AppellFl[lJr—m, -m, 2m, 3+_m) Tan[1 (a+bx)]2, —Tan[1 (a+bx”2}
2 2 2

2
1+m 3+m

1 2 1 2
12 ) )T - b ;—T - b -
m, 2m —2 an[z(a+ x)] an[z(a+ x)]]

Sec[% (a+bx)]2Tan[§ (a+bx)]

( (3+m) AppellF1]|

3+m 5+m 1 2
2m |AppellF1[~——, 1-m, 2m, —, Tan[ = (a+bx)]|",
2

2 2

1 2 3+m 5+m
—Tan[; (a+bx)]"] +2AppellF1[~——, -m, 1+2m, -

Tan[l(a+bx)]2,—Tan[l(a+bx>}2} Tan[l(a+bx)]2 +

2 2 2
[(3+m) Tan[l(aerx)]2 1 m(1+m) Appe11F1[1+1+m,1—m,2m,1+3+m,
2 3+m 2 2

Tan[1 (a+bx)]", -Tan[ = (a+bx”2} Sec[1 (a+bx”2Tan[1 (a+bx)] -

2 2 2 2

1 1+m m 1 2
2m(1+m>AppellF1[1+ , -m, 1+2m, 1+ ,Tan[7<a+bx)] s
3+m 2 2 2
—Tan[—(a+bx)]2]5ec[1(a+bx)]2Tan[1(a+bx” )/
2 2 2
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(<3+m) AppellFl{lﬂ,—m,Zm, M, Tan[l(a+bx)]2,—Tan[l(a+bx)]2]—
2 2 2 2
3+m 5+m 1 2
2m |AppellF1[~——, 1-m, 2m, ——, Tan[= (a+bx)]|",
2 2 2
1 2 3+m 5+m
~Tan[= (a+bx) || +2AppellF1[——, -m, 1+2m, —,
2 2 2
Tan[l(aerx)]z,—Tan[l(a+bx”2} Tan[l(aerx)]2 -
2 2 2

1+m

[(1+m)2AppellF1[§ (-1+m), -m, 2m, o Tan| (a+bx”2, —Tan[i (a+bx”2}

N |

1+m 3+m 1 2 1 2
-2m |AppellF1|——, 1-m, 2m, —, Tan[f(aerx)] , -Tan| = (a+bx)} |+
2 2 2 2
1+m 3+m 1 2
2 AppellFl[ ——, -m, 1+2m, , Tan[= (a+bx) ],
2 2

7Tan[§ (a+bx”2} Sec[% (a+bx)]2Tan[§ (a+bx)]+
1+m

-1 +m) mAppellF1l 1+1 -1+m),1-m,2m, 1+ R
(~1em) 1 .

(1+m)

1+m

Tan[% (a+bx”2, —Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)] -

1 1 1l+m
2 (-1+m) mAppellF1[1+ — (-1+m), -m, 1+2m, 1+ s
1+m 2 2

N =

Tan| (a+bx)]2,—Tan[§(a+bx”2}5ec[§(a+bx)}2Tan[ (a+bx)]|-

N |

2 1 1+m 3+m
(a+bx)]" |- 2m (1+m) AppellF1[1 + A ,1-m,1+2m, 1+ -

3+m

2mTan[

N |

(a+bx)]2Tan[ (a+bx)] +

N |
N |

(a+bx)]2] Sec|

N |

Tan| (a+bx”2, ~Tan]|

N |

1+m 3+m 1 2
(1-m) (1+m) AppellF1[1 + ,2-m,2m, 1+ , Tan[= (a+bx) ],
3+m 2 2 2
—Tan[l(a+bx”2} Sec[l(a+be2Tan[l(a+bx)]+2 o
2 2 2

3+m

m, Tan[l (a+bx)]2,

1+m 3+
m (1+m) AppellF1[1+ ,1-m,1+2m, 1+
2

2

—Tan[i (a+bx)}2} Sec[i

m
, —-my 2+2m, 1+

(1+2m) AppellF1[1 + 1+
2

(-1+m), -m, 2m, 1;"‘, Tan{l (a+bx”2,
2 2

N |

((—1+m) (1+m) AppellF1|

3+m

(a+bx”2}—2m AppellFl[tJ,l—m,Zm, -

-Tan]|

N |

(a+bx”2} +2Appe11F1[1%m, -m, 1+2m,

N |

Tan (a+bx)]2, -Tan|

N |
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3+m

1 2 1 2 1 2\ 2
, Tan[= (a+bx)]?, -Tan[= (a+b Tan[= (a+b -
A an[2<a+ x) | an[z(a+ x)]7] an[2<a+ x)])]
(3+m) AppellFl[ﬂ, -m, 2m, M, Tan[1 (a+bx)]2, —Tan[l
2 2 2
[

Tan[ <a+bx ]2 -2m

3+m 5+m 1 2
AppellFl[T, 1-m,2m, P Tan N (a+bx” ,

3+m 5+m 1 2
— Y -m,1+2m, —, Tan[; (a+bx)} ,
2

1
2
1 2
~Tan[ = (a+bx)| | +2AppellF1|
2

7Tan[§ (a+bx”2}

Sec[1 (aerx)]zTan[1 (a+bx” +
2 2

1+m 3+m
m(1+m) AppellF1[1 + ,1-m,2m, 1+ B
34m 2 2

(3+m)

Tan[% (a+bx”2, —Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)] -

1 1+m 3+m
2m (1+m) AppellF1[1 + ,-m,1+2m, 1+ B
3+m 2 2

(a+bx)}2} Sec|

Tan[

N |

(a+bx)]2, ~Tan| (a+bx”2Tan[§<a+bx)] -

1
2

N |

2 1 3+m 5+m
a+bx - m (3 +m) Appe + s, 1-my1+2m, 1+ R
(a+bx)] 2m (3 +m) AppellF1[1 1-m,1+2m,1

2mTan[
5+m 2 2

N |

Tan| (a+bx”2,—Tan[ (a+bx)]2]5ec[ (a+bx)]2Tan[ (a+bx)]+

N R
N R
N R
N R

(1-m) (3+m) AppellF1[1 + 3+m, 2-m, 2m, 1+ 5+m, Tan[1 (a+bx”2,
5+m 2 2 2

—Tan[% (a+bx”2} Sec[% (a+be2Tan[§ (a+bx)]+2 _Sim

3+m 5+m 1 2
m (3 +m) AppellF1[1 + ,1-m,1+2m, 1+ , Tan[= (a+bx) ],

2 2 2

—Tan[% (a+bx”2} Sec[% (a+be2Tan[§ (a+bx)] -

(1+2m) AppellF1[1 + 3em
2

, —-my, 2+2m, 1+

—Tan[i (a+bx)]’] Sec[% (a+bx)]2Tan[§ (arbx)]

((3+m) AppellFl[l;m, -m, 2m, B;m, Tan[1 (a+bx>]2, 7Tan[1 (a+bx)]2] -
2 2 2

2m AppellFl[S;m, 1-m, 2m, S;m, Tan[1 (a+bx)]2, 7Tan[1 (a+bx)]2] +
2 2 2

3+m

5+m 1 2
2 AppellF1]| ,-m, 1+2m, ——, Tan[ =~ (a+bx) ],
2

2

o)

Problem 128: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

-Tan]| (a+bx)]2] Tan|

N |
N |
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JCsc[a+bx]3Sin[2a+2bx]’"d1X

Optimal (type 5, 85leaves, 2 steps):

- ! (Cos[a+bx}2>%mCsc[a+bx]2
b (2-m)

(-2+m), T, Sinfa+bx]?] Sec[a+bx] Sin[2a+2bx]"

X 1-m
Hypergeometric2F1[ —,
2

2

N |

Result (type 6, 5872 leaves):

4 t"Cscla+bx]?Sin|2 (aerxHm

m

Tan[l<a+bx)]—Tan[l(a+be3 1
2 2 ; - | |AppellF1[= (-2+m), -m,
[ (1+Tan[§<a+bx)]2) ( ([ 2
m 1 2 1 2 1 2
2m, >’ Tan[;<a+bx)] s —Tan[;(a+bx)] ]Cot[g(a+bx)] )/
((—2+m) —AppellFl[%(—Zer),—m,Zm, g,Tan[i(aerxHZ, —Tan[§<a+bx)]2}+
2 AppellFl[g,l—m,Zm, 2%, Tan[i(a+bx”2,—Tan[§<a+bx)]2}+2

m 2+m

AppellFl[ , -m, 1+2m,
2

, Tan[% (a+bx)]2,
,Tan[i (a+bx”2} Tan[% (a+bx)}2)]] +
(2 (2+m) AppellFl[g, -m, 2m, 2+Tm, Tan[% <a+bx)]2, ,Tan[g (a+bx>}z])/

m

(2+m) AppellFl[m, -m, 2m, 2+_m, Tan[1 (a+bx)]2, —Tan[l (a+bx”2] -
2 2 2 2

2m

AppellFl[ZJr—m, 1-m, 2m, 4;"', Tan[1 (a+bx)]2, —Tan[1 (a+bx”2} +
2 2 2 2

2+m 4+m 1 2
2 AppellFl[——, -m, 1+2m, —, Tan[= (a+bx) ],
2 2
—Tan[l (a+bx>]2}) Tan{l (a+bx”2)J +
2 2

2+m 4+m 1 2 1 2
((4+m) AppellFl[——, -m, 2m, —, Tan{g (a+bx)]", —Tan[; (a+bx)]"]
2 2

Tan[l<a+bx)]2/
2
((2+m) (4+m)AppellF1[2+7m,—m,2m, ﬂ,Tan{l(a+bx)]2,—Tan[l(a+bx)}2}—
2 2 2
2m AppellFl[u,l—m,Zm, M) Tan[l(a+bx)]2, —Tan[1 (a+bx” |+
2 2 2

4+m 6+m 1 2 1 2
2 AppellFl| ——, -m, 1+2m, —, Tan[~ (a+bx” , -Tan| = (a+bx” ]
2 2 2 2
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-1+m
yin Tan[i (a+bx” —Tan[% (aerx)]3

2

(1+Tan[§ (a+bx”2>

(— ((AppellFl{i (-2+m), -m, 2m, g, Tan[i <a+bx)]2, —Tan{% (a+bx)]2]
Cot{% (a+be2)/ (<—2+m) —AppellFl[i (—2+m), -m, 2m, g,

2+m
3
2

Tan{1 (a+bx)]2, ~Tan| (a+bx)}2} +2 (AppellFl[m, 1-m, 2m,
2 2

N |

Tan[l (a+bX)]2, —Tan[l (a+bx)ﬁ +2AppellF1[T, “m, 1+2m,
2 2 2
2+m 1 2 1 2 1 2
, Tan[= (a+bx)]*, ~Tan[= (a+b Tan[= (a+b
X an[2<a+ x)] an[z(a+ x)]]] an[2<a+ x)] ])+

m 2+m 2
(2 (2+m) AppellFl[;, -m, 2m, 0 Tan| (a+bx” , ~Tan|

N |-
N |

(a+bx)]2})/
2+m

(2+m) AppellFl[E, -m, 2m, —, Tan[1 (a+bx”2, —Tan[l (a+bx)]2} -
2 2 2 2

m

2+m 4 +m 1 2 1 2
AppellF1[~———, 1-m, 2m, —, Tan[ = (a+bx) |, 7Tan[; (a+bx)]"] +
2 2 2

2m

2+m

4 +m 1 2
2 AppellF1]| ,-m, 1+2m, ——, Tan[ = (a+bx) |,
2

2 2
—Tan[% (a+bx)]2]] Tan[% (a+bx)]2J) +

4+m

2+m
((4+m) AppellF1l|——, -m, 2m,
2

Tan{% (a+bx”2)/ ((2+m>

Tan{% (a+bx)]2, —Tan[% (a+be2} -2m

s Tan[% (a+bx)]2, —Tan[% (a+bx)]2]

4+m
)

2+m
(4+m) AppellF1|——, -m, 2m,
2

6+m
El

4+m
AppellF1[——, 1-m, 2m,
2
Tan{l (a+bx)]2, —Tan[l (a+be2} +2Appe11F1[4LrrI
2 2

6+m

, -m, 1+2m,

s Tan[% (a+bx)]2, —Tan[% (a+bx”2]J Tan[% <a+bX)]2J]

%Sec[i (a+bx)]2—§5ec[§ (a+bx)}2Tan[; (a+bx)]2

(1+Tan[§ (a+bx)]2)2

2Sec| (a+be2Tan[

(a+bx”2]3J +

Tan[% (a+bx)] —Tan[% (a+be3

(a+bx)] -Tan]

N |
N |

(a+bx) ] [Tan[

N |
N |

(a+bx”3))/

[1+Tan[

N |

4—1+m

(1+Tan[§ (a+bx)]2)2
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{(AppellFl[i (-2+m), -m, 2m, g, Tan[% <a+bx)]2, —Tan[% (a+bx)]2]

)/
1 m 1 2

~AppellF1[ = (-2+m), -m, 2m, —, Tan[ = (a+bx)|", -Tan|
2 2 2

Cot[% (a+bx)]Csc[~ (a+bx)]

“—2+m>

1
2

(a+bx)]’] +

N |

2 (AppellFl[m, 1-m, 2m, 2+7m, Tan[1 <a+bx)]2, —Tan[l (a+bx”2] +
2 2 2
m 2+m 1
2 AppellF1[—, -m, 1+2m, , Tan| = (a+bx” ,
2 2
—Tan[1 (a+bx)]2]] Tan[1 (a+bx)]2J) -
2 2

Cot[1 (a+bx)]” (- (-2+m) AppellF1[1+

(-2+m), 1-m, 2m, 1+m,
2 2

1
2
Tan[% (a+bx”2, —Tan[% (a+bx”2} Sec[% (a+be2Tan[§ (a+bx)] -

1 m 1 2
AppellF1[1+ = (-2+m), -m, 1+2m, 1+ —, Tan[= (a+bx) |,

2 (-2+m
2 2 2

N (R —

—Tan[

“—2+m>

m
2 (AppellFl[f, 1-m, 2m,
2

(a+bx)]2} Sec[i (a+bx>]2Tan[

1 m
7Appe11F1[; (-2+m), -m, 2m, . Tan
h?m, Tan[% <a+bx)]2, —Tan[% (a+bx”2] +

m 2+m
2Appe11F1[f, -m,1+2m, —, Tan[
2 2

7Tan[§ (a+bx)]2] Tan[% (a+bx) ]) +

1 m 2+m 1 2
2 (2+m) |- m? AppellF1[1+ —, 1-m, 2m, 1+ , Tan[= (a+bx) ],
2+m 2 2 2

—Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)] -

1

ZmZAppe11F1[1+m, -m,1+2m, 1+ 2+m’ Tan{l (a+bx”2,
2 2

m |/

2+m 1 2 1 2
y - 52 E) :T - b ,*T - b -
) m, 2m 72 an[z(a+ XH an[z(a+ x)] }

2+m

—Tan[

N |

(a+bx>]2} Sec[i (a+bx>]2Tan[§ (a+bx)]

m|(2+m) AppellF1|

2m

2+m 4+m 1 2
AppellFl[TJ 1-m,2m, T, Tan[; (a+bx” B 7Tan[

2+m

4 +m
2Appe11F1[ , -my,1+2m, —, Tan[
2 2

2 2

2+m 4 +m 1
—, -m,2m, —, Tan[ = (a+
2 2 2

1

2
7Tan[1 (a+bx)]2] Tan[1 (a+bx)]2]) +

b

( (4 +m) AppellF1|
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Sec{% (a+bx”2Tan[§ (a+bx)]

//“z+m

, -m, 2m, 4;"], Tan{l (a+bx)]2, —Tan[l (a+be2} -
2 2 2

2+m

[ (4 +m) AppellF1|

+m

2m (AppellFl[ﬂ, 1-m, 2m, 6—, Tan[l (a+bx”2, —Tan[1 (a+bx)]2] +
2

2 2

4+m 6+m 1 2
2 AppellF1l| ——, -m, 1+2m, - Tan[; (a+bx)]",
—Tan[l (a+bx)]2]] Tan[1 (a+bx)]2)) +
2 2
1 2 1 2+m 4+m
((4+m)Tan[7(a+be - m(2+m) AppellF1[1 + ,1-m,2m, 1+ s
2 4+m 2 2
Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] Sec[1 (aerx)]zTan[1 (a+bx)} -
2 2 2 2

2+m 4 +m 1 2
2m (2+m) AppellF1[1 + ,-m,1+2m, 1+ , Tan[= (a+bx) |,
4 +m 2 2 2

—Tan[—(a+bx>]2}5ec[l(a+bx)]2Tan[l(a+bx)] ]/
2 2 2

2+m 4+m 1 2

[(2+m) (4+m) AppellF1[~——, -m, 2m, —, Tan[ = (a+bx) |,
2 2

1 2 4+m 6+m

—Tan[;(a+bx>] | -2m AppellFl[T,l—m,Zm, -

4+m

Tan{l (a+bx)]2, —Tan[l (a+be2} +2 AppellF1| ,-m, 1+2m,
2 2

6+m 1 2 1 2 1 2
, Tan[= (a+bx)]%, -Tan[= (a+b Tan[= (a+b
" an[2<a+ x)] an[z(a+ XH] an[2<a+ x)]J]Jr
1 m 1 2 1 2
AppellFl[f (—2+m>, -m, 2m, —, Tan[f (a+bx)] s —Tan[f (a+bx)} }
2 2 2 2
Co‘c[l(aerxH2 (-2+m) AppellF1[1+1(72+m),1,mJ2m)1+T)
2 2 2
2

Tan| (a+be2,—Tan[ (a+bx”}$ec[ (a+bx”2Tan[%(a+bx)]+

N |
N |
N |

1 m 1 2
2 (-2+m) AppellF1[1+; (-2+m), -m, 1+2m, 1+;, Tan[; (a+bx) ],

—Tan[% (a+bx>]2} Sec[% (a+bx)]2Tan[§ (a+bx)] +

m

2 (AppellFl[ ,1-m, 2m, 2;m) Tan[l (a+bx)]2, -Tan| (a+bx”2] +
2 2 2

(a+bx)]’]

N |

m

2+m 2
2 AppellF1[—, -m, 1+2m, ——, Tan[= (a+bx)|", -Tan|
2

N |

Sec| (a+bx)]2Tan[ (a+bx)] +2Tan

PN
N |

5 m 2+ 1 2
(— 2m? AppellF1[1+ =, 1-m, 1+2m, 1+ ,Tan[7<a+bx)] s
2+m 2 2 2

—Tan[% (a+bx”2} Sec[% (a+bx”2Tan[§ <a+bx)] + .
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m 2+m 1 2
(1—m)mAppe11F1[1+;,2—m,2m,1+ A ,Tan[;(a+bx” s

~Tan| <a+bx)]2] Sec[% (a+bx)]2Tan[% (a+bx” +
2

N |

) m +m 1 2
m? AppellF1[1+ —, 1-m, 1+2m, 1+ , Tan[= (a+bx) |,
2 2 2

2 |-
2+m

—Tan[l <a+bx)]2] Sec[1 (a+bx)]2Tan[

2 2
m + 1 2

AppellF1[1+ —, -m, 2+2m, 1+ » Tan[= (a+bx) ],
2 2 2

(a+bx”—2+m

2R

m(1+2m
1

(a+be2} Sec[% (a+be2Tan[2 (a+bx)]

-Tan]|

N R =

m, Tan[1 <a+bx)]2,

1
[(2+m> ~AppellF1|~ (-2+m), -m, 2m, —
2 2 2

—Tan[l(a+bx)]2]+2 AppellFl[T,l—m,Zm, 2+7m, Tan[l(aertz,
2 2 2
1 2 m 2+m
—Tan[f(aerx)] | +2AppellF1[ =, -m, 1+2m, —,
2 2 2
2
Tan[1 (a+bx)]2, —Tan[l (a+bx”2} Tan[1 (a+bx)]2) )—
2 2 2
m 2+m 1 2 1 2
(2(2+m) AppellF1[—, -m, 2m, ——, Tan| = (a+bx)]", -Tan[ = (a+bx) ]|
2 2 2 2
AppellFl[z;m,lfm,Zm, 4;’", Tan[l(a+bx)]2,7Tan[1(a+bx)]2]+
2 2 2 2

2+m 4+m 1 2 1 2
2 AppellFl[——, -m, 1+2m, ——, Tan|[= (a+bx) ]|, —Tan[; (a+bx)] ]]
2 2 2

m
m? AppellF1[1+ —, 1-m,
2

-2m

1 2 1
S - b T — b 2 -
ec[z(a+ x)] an[z(a+ x)]+( +m) -
2+m 1 2 1 2 1
2m, 1 ,Tan| — (a+bx) |, -Tan| ~ (a+b Sec[= (a+b
m, 1+ A an[z(a+ XH an[z(a+ x)]] ec[z(a+ x)]
1 1 m 2+m
Tan[= (a+bx)]| - 2m? AppellF1[1+ —, -m, 1+2m, 1+ s
2 2+m 2 2
1(a+bx”2,—Tan[l(a+bx)]2]5ec[1(a+bx)]2Tan[l(aerxH -
2 2 2 2

(a+bx)}2 -

Tan[

m 4+m

,1-my,1+2m, 1+ )
2

1

4+m

2m (2+m) AppellF1|1 +
2

2mTan[
(a+bx)}2Tan[§ (a+bx)] +

N R

(a+bx)}2} Sec|

N |
N |

Tan| (a+bx)]2, ~Tan|

N |

m 4+m
,2-m,2m, 1+ ,
2

41 (1-m) (2+m) AppellF1[1 +
Tan[1 (a+bXH2, _Tan[% (a+bx)]2] Sec[i <a+bX)]2Tan[

2
(a+bx)]+

N |-

m, Tan[l (a+bx)]2,
2

1 m
2 |- m(2+m) AppellF1[1+ ——, 1-m, 1+2m, 1+

4+m

2
(a+bx”—

(2+m)

(a+bx)]2Tan[ P

N R e
= |+
N

~Tan]| (a+bx)]2] Sec|
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2+m 4+m 1 2
(1+2m) AppellF1[1+ ,-m,2+2m, 1+ » Tan[= (a+bx) ],

2 fors]]))/

Tan[ > (a+bx) 1%, ~Tan[ ~ (a-bx]]7] -

-Tan]| (a+bx)}2} Sec[1 (a+be2Tan[§ (a+bx) |

2

N R
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m 2
m|(2+m) AppellF1[—, -m, 2m, ——
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2m
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AppellFl[——, 1-m, 2m,
2

2+m 4+m 1 2
2 AppellFl[——, -m, 1+2m, ——, Tan[= (a+bx) |,
2 2 2

~Tan| (a+bx”2} Tan|

N |
N |

(aerx)]z)2

ﬂ, Tan[l (a+bx)]2, —Tan[l (a+bx)]2]

2+m
((4+m) AppellFl[——, -m, 2m,
2 2 2

Tan[% (a+bx”2
(a+bx)]’] +

4 +m 6+m 1 2
-2m AppellFl{T, 1-m, 2m, - Tan[; (a+bx)]", -Tan]

N |

1

4+m 6+m 1 2 2
2AppellFl|——, -m, 1+2m, —, Tan[g (a+bx)]", —Tan[2 (a+bx)]7]
2 2

2+m
2
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N =
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2

4+m

m,Tan[
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1
m,2m, 1+ -
2

N =

(a+bx)]2, 7Tan[% (a+bx)]2] Sec|

2+m 4+m
2m (2+m) AppellF1[1 + ,-m,1+2m, 1+ s
4+m 2 2

Tan[% (a+bx>] -

Tan[1 (a+bx>]2, —Tan[1 (a+bx)]2] Sec[l (aerx)]ZTan[1 (a+bx)]|-
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1 2 1 4+m 6+m
2mTan[= (a+bx)|" |- 2m (4 +m) AppellF1[1+ ,1-m,1+2m, 1+ B
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2 2 2 2

4+m 6+m

(1-m) (4+m) AppellF1[1+ ,2-m,2m, 1+ s

6+m 2 2

Tan[ (a+bx>]2,—Tan[%(a+bx)]2]5ec[ (a+bx)]2Tan[ (a+bx”+

=
N |
N |
N |

4+m 6+m 1 2
2 |- m (4 +m) AppellF1[1 + ,1-m,1+2m, 1+ , Tan[= (a+bx) ],
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7Tan[1 (a+bx)]2] Sec[1 (a+bx)]2Tan[1 (a+bx)] - (4 +m)

2 2 2 6+m

4+m 6+m 1 2
(1+2m) AppellF1[1 + ,-m,2+2m, 1+ » Tan[= (a+bx) ],

2 s/
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1 2 1
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1 2 4+m 6+m
~Tan[= (a+bx)| | -2m |AppellF1[——, 1-m, 2m, ——

2

)

4+m

Tan[1 (a+bx>]2, —Tan[1 (a+bx)]2] +2 AppellF1| , -m, 1+2m,
2 2

2 2 2 2

6+m, Tan[l (a+bXHZJ —Tan[l (a+bx)]2} Tan[l (a+bXHZ)2)]”

Problem 136: Result more than twice size of optimal antiderivative.

JCos[aArbx} Csc[2a+2bx] dx
Optimal (type 3, 14 leaves, 2 steps):

ArcTanh[Cos[a + b x]]
2b

Result (type 3, 42 leaves):

Log[Cos[§+b7xH Log[Sin[§+b7"]]
- +

b b

1

2

Problem 137: Result more than twice size of optimal antiderivative.

JCos[aerx} Csc[2a+2bx]?%dx

Optimal (type 3, 28 leaves, 4 steps):
ArcTanh[Sin[a+bx]] Csc[a+bx]

4b 4b

Result (type 3, 94 leaves):

_Cot[i (a+bx)] Log[Cos[% (a+bx)] —Sin[i (a+bx)]]

2b b

1

4

+

Log[Cos[i (a+bx)] +Sin[§ (a+bx)]] Tan[% (a+bx)]

b 2b

Problem 138: Result more than twice size of optimal antiderivative.

JCos[aerx} Csc[2a+2bx]3dx

Optimal (type 3, 49 leaves, 5 steps):
3ArcTanh[Cos[a+bx]] 3Sec[la+bx] Cscla+bx]?Sec[a+bx]
- +

16 b 16 b 16 b
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Result (type 3, 143 leaves):

[Csc[a+bx}4 2-6Cos[2 (a+bx)]|+2Cos[3 (a+bx)]|+

3Cos[3 (a+bx)] Log[Cos[% a+bx)]]-3Cos[3 (a+bx)]| Log[Sin[% (a+bx)]]+

Ik

(
1
Cos[a+bx] —2—3Log[Cos{;

(a+bx)]]+3Log[sin]

N |

(16b Csc| (a+bx”2—Sec[

N |
N |

(a+bx”2))

Problem 139: Result more than twice size of optimal antiderivative.

JCos[a+bx} Csc[2a+2bx]%dx

Optimal (type 3, 66 leaves, 6 steps):

5ArcTanh[Sin[a+bx]] 5Csc[a+bx] 5Cscla+bx]3 Cscla+bx]3Sec[a+bx]?
- - +

32b 32b 96 b 32b

Result (type 3, 215leaves):

13Cot[ (arbx) ] Cot[] (arbx)]Csc[] (a+bx)]?

192 b 384 b
5Log[Cos[§ (a+bx)] —Sin[% (a+bx)]] 5Log[Cos[§ (a+bx)] +Sin[i (a+bx)]]

+ +

32b 32b
1 1

64 b (Cos[% (a+bx)] —Sin[% (a+bx)”2 7 64 b (Cos[% (a+bx)] +Sin[i (a+bx)”2

13Tan[i (a+bx)] Sec[i <a+bx)]2Tan[§ (a+bx)]

192b 384b

Problem 140: Result more than twice size of optimal antiderivative.

jCos[a+bx} Csc[2a+2bx]>dx

Optimal (type 3, 89leaves, 7 steps):
35 ArcTanh[Cos[a+bx]] 35Sec[a+bx]
- +

+

256 b 256 b
35Sec[a+bx]® 7Cscla+bx]?Sec[a+bx]3 Cscla+bx]*Sec[a+bx]3
768 b 256 b 128 b

Result (type 3, 268 leaves):
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1
- Cscla+bx]'®

7680 [csc |2 (abx)]*-sec|2 [abx) )

(—204+658Cos[2 (a+bx)]-228Cos[3 (a+bx)]|+140Cos[4 (a+bx)]-76Cos[5 (a+bx)]|-
218 Cos[6 (a+bx)| +76Cos[7 (a+bx)| -315Cos[3 (a+bx) | Log[Cos[% (a+bx)]]-
105 Cos [5 (a+bx) | Log[Cos[l (a+bx)]]+105C0s[7 (a+bXx) ]| Log[Cos{% (a+bx)]]+

2
(a+be]]+

3Cos[a+bx] |76 +185Log[Cos[— (a+bx) || -105Log[Sin|

N |
N |

315Cos[3 (a+bx) | Log[Sin[= (a+bx)]] +

[N NI

105 Cos [5 (a+bx) | Log[Sin[g (a+bx)]]-105Cos[7 (a+bx)]| Log[sSin]

(a+bxu})

N |

Problem 158: Result more than twice size of optimal antiderivative.
JCos[a+bx}3Csc[2a+2bx]3d1x
Optimal (type 3, 34 leaves, 3 steps):

ArcTanh[Cos[a+bx]] Cot[a+bx] Csc[a+bx]
16b 16 b

Result (type 3, 79leaves):

1

8

Csc[i (aerx)]2 ) Log[Cos[i (a+bx)]] ) Log[sin[i (a+bx)]] ) Sec[i (a+bx)]2

8b 2b 2b 8b

Problem 159: Result more than twice size of optimal antiderivative.
JCos[a+bx}3Csc[2a+2bx]4dlx
Optimal (type 3, 43 leaves, 5steps):

ArcTanh[Sin[a+bx]] Csc[a+bx] Csc[a+bx]3
16 b 16 b 48 b

Result (type 3, 152 leaves):
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1 7Cot[§(a+bx)] Cot[i(a+bx>]Csc[i(a+bx)]2

16 12b 24b

Log[Cos[% (a+bx) ] —Sin[% (a+bx)]] ) Log[Cos[% (a+bx)] +Sin[§ (a+bx)]] )

b b
7Tan[§ (a+bx)] Sec[i (a+bx”2Tan[§ (a+bx)]

12b 24 b

Problem 160: Result more than twice size of optimal antiderivative.

JCos[a+bx}3Csc[2a+2bx]5dlx

Optimal (type 3, 70leaves, 6 steps):
15 ArcTanh[Cos[a+bx]] 15Sec[a+bx]
- +

256 b 256 b
5Cscla+bx]?2Sec[a+bx] Cscla+bx]*Sec[a+bx]
256 b 128 b

Result (type 3, 195leaves):

7Csc[§ (a+bx”2 Csc[% (a+bx”4 15Log{Cos[§ (a+bx)]]

- - - +

1024 b 2048 b 256 b
15Log[Sin[i(a+bx)H 7Sec[i(a+bx)]2 Sec[i(a+bx)]4
256 b ' 1024 b ' 2048 b '
Sin[%(a+bx>] Sin[%(a+bx”

32b (Cos[i (a+bx)] 7Sin[§ (a+bx)” 32b (Cos[i (a+bx)] +Sin[% (a+bx)])

Problem 187: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCos[a+bx13Sin[2a+2bx]'“d1x

Optimal (type 5, 85leaves, 2 steps):

1
- Cos[a+bx]3Cot[a+bx]
b (4+m)
. 1-m 4+m 6+m ) . oy
Hypergeometric2Fi | s s , Cos[a+bx]?| (Sin[a+bx]?)
2 2 2

Sin[2a+2bx]"
Result (type 6, 10498 leaves):

212" (34 m) Cos[a+bx]?
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Tan[% (a+bx)] —Tan[i (a+bx)]3

Sin|2 (a+bemTan[1 (a+bx)]

2 2

(1+Tan[i (a+bXH2)

1+m

([AppellFl[ , -m, 1+2m, M, Tan[1 (a+bx”2, —Tan[l <a+bx)]2]
2 2

/

l1+m 3+m
((3+m) AppellFl[T, -m, 1+2m, 0 Tan|

(1+Tan[§ (a+bx)]2)3

(a+bx)}2, ~Tan|

(a+bx)]’] -

2 (a+bx)]2]+

N R NP
N[RN[R

3+m 5+m 2
mAppellFl[T, 1-m,1+2m, P Tan[~ (a+bx)]|", -Tan|

3+m 5+m
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5+m

A ,Tan[%(a+bx”2,—Tan[§(a+bx>]2} Sec[%(a+bx”2
1 1+m

Tan[= (a+bx) |+ (3+m) |- m(1+m) AppellF1[1+ ,1-m, 2 (2+m),

2 3+m 2

1+3J2r—m, Tan{% (a+bx”2, —Tan[% (a+bx”2} Sec[% (a+bx>]2

2 (a+bX)]*3+m
(

1+m
2 (1+m) (2+m) AppellF1[1 + , —m,

3+m

s Tan[1 (a+bx)]2, —Tan[l <a+bx)]2]

2+m), 1+
2 2 2

Sec[1 (a+be2Tan[l (a+bx)] —2Tan[l (a+bx”2

2 2 2
1 3+m
m |- 2 (2+m) (3+m) AppellF1[1+ ,1-m,1+2(2+m),
5+m
5+m 1 2 1 2 1 2
1 > T N b > =T - b S - b
+ A an[z(a+ x) | an[z(a+ x)]7] ec[z(a+ x) ]
Tan[l(a+bx)}+ (1-m) (3+m)AppellF1[1+3+m,
2 5+m 2
2—m,2(2+m),1+5+m,Tan[1<a+bx)]2, —Tan[l(aerx)]z]
2 2 2
1 2 1 1
S — b T - b 2 (2 -
ec[2 (a+bx)] an[2 (a+bx)]|+2(2+m) —
3+m 5+m
m(3+m) AppellF1[1 + A ,1-m,5+2m, 1+ A ,Tan[;(a+bx)] s
~Tan[ = (a+bx) | }Sec[—(a+be2Tan[—<a+bx)]— ! (3+m)
5+m
3+m 1
(5+2m) AppellF1 |1 + ,-m, 6+2m, 1+ , Tan[ = (a+bx) ],
2 2

—Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)]

3+m

(3+m>Appe11F1[ﬂ,—m,2(2+m), ,Tan[l(aerxHZ,
2 2

2 3+m 5+m
(a+bx” | -2 mAppellFl[T,l—m,Z(Zer), -

—Tan[

N | =

Tan[1 (a+bx”2, —Tan[l <a+bx)]2] +2 (2+m) AppellFl[M
2 2

, -m, 5+

5+m 1 2 1 2 1 2) 2
2m, ,Tan[= (a+bx)|°, ~Tan[= (a+b Tan[= (a+b -
m A an[z(a+ x) | an[z(a+ x) |7 an[z(a+ x) |
[AppellFl[lJr—m,—m,1+2m, ﬂ, Tan[l(a+bx)]2, —Tan[l(a+bx)]2]
2 2 2
1 5\ 3 3+m 5+m
(1+Tan[—<a+bx)] [—2 mAppellFl[T,l—m,lJer, -
2
1 2 1 2 3+m
Tan[; (a+bx)]", —Tan[; (a+bx) |7 ]+ (1+2m) AppellFl[T,
-m, 2 (1+m), 5+m,Tan[1<a+bx)]2, —Tan[l(aerx)]z]
2 2 2
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SeC[l(aerx)]zTan[l(a+bXH+<3+m> - m (1+m) AppellF1|
2 2 3+m
1+m

2

Sec[% (a+bx)]2Tan[§ (a+bx)] -

1+m
, -my, 2+2m, 1+
2 2 2

,1-m,1+2m, 1+3+—m, Tan{l (a+bx”2, —Tan[l (a+bx)]2}
2 2 2

1+

(1+m) (1+2m) AppellF1]
3+m

m, Tan[1 <a+bx)]2, —Tan[% (a+bx”2]

1+
Sec[% (a+bx”2Tan[§ (a+bx)] —2Tan[§ (a+bx”2

3 5+m
+m +2m) Appe + »1-my2+2m, 1+ ,
(3+m) (1+2m) AppellF1|1 1 2+2m, 1

2

+m

m

5+m

Tan[% (a+bx)]2, —Tan[i (a+bx)}2] Sec[i (a+bx”2Tan[

(1-m) (3+m) AppellF1[1+ 3+
2

m
,2-m, 1+2m,

1
— (a+bx
( : >]+5+m

(a+bx)}2,7Tan[ (a+bx”2

N |

> m (a+bx”2}5ec[

1+

N |
N |

,Tan[
3+m

m (3+m) AppellF1|1 + ,
2

5+m

S;m, Tan[% (a+be2: 7Tan[§ <a+bXH2}

+ (1+2m>

Tan[% (a+bx)]

1—m,2(1+m),1+

2 (1+m) (3+m)

Sec[% (a+bx”2Tan[§ (a+bx)] - -

5+m

m) -my, 142 (1+m), 1+ ——, Tan| (a+bx”2,
2

NI/

(<3+m> AppellFl[lﬂ, -m, 1+2m, 3+_m, Tan[l (a+bx)]2, —Tan[1 (a+bx”2} -
2 2 2 2

N |

3+
AppellF1|1+

—Tan[l (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)]

2

3+m 5+m 1 2
mAppellF1[~——, 1-m, 1+2m, —, Tan[= (a+bx) ],
2 2 2

5+m

3

—Tan[l (a+bx)]2] +(1+2m) AppellFl[ﬂ, -m, 2 (1+m),
2 2
2
Tan[l (a+bx”2, —Tan[l <a+bx)]2] Tan[l (a+bx”2 -
2 2 2
[12AppellF1[1+—m, -m, 3+2m, 3;m’ Tan[1 (a+bx”2, 7Tan[1 <a+bx)]2}
2 2 2 2
5+m

3+m
mAppellFl[~——, 1-m, 3+2m, —,
2

-2 :

(1+Tan[1 <a+bx)]2
2
3+m

Tan| > (a+bx) %, Tan[~ (abx]*] + 2+ 2n) appertra[ Z T,

T, Tan[ > (avbx)]%, ~Tan[ 2 (abx)]’]

5
-m, 2 (2+m>,
2 2 2

m (1+m) AppellF1|

Sec[% (a+bx)]2Tan[§ (a+bx) ]+ (3+m) Tm
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1+m) 1-m,3+2m, 1+3;m, Tan[l (a+bx”2, —Tan[l (a+bx)]2}

1+

2 2 2 2
Sec[1 (a+bx)]2Tan[l (a+bx)] - (1+m) (3+2m) AppellF1]

2 2 3+m
1+1;m,—m,4+2m,1+3;m,Tan[§<a+bx)]2, —Tan[%(aerx)]z]
Sec[l(a+bx”2Tan[1(a+bx)] 72Tan[£(a+bx”2

2 2 2

1 3+m 5+m
m |- (3+m) (3+2m) AppellF1[1+ ,1-m, 4+2m, 1+ s
5+m 2 2
1 2 1 2 1 2
Tan[ = (a+bx) | ,—Tan[;(a+bx” ]Sec[;(a+bx” Tan|
2

1 3+m

—(a+bx)]+ (1-m) (3+m) AppellF1[1+ ,2-m,3+2m,

2 5+m 2

1+5;m,Tan[§(a+be2,7Tan[§(a+bx”2} Sec[%(aerx)]2

Tan[l(aerx)] +(3+2m) |- = m(3+m) AppellF1[1+3+m,

2 5+m 2
5+m

s Tan[l (a+bx)}2, 7Tan[l (a+bx)]2}

1-m, 2 (2+m), 1+
2 2 2

Sec[% (a+bx”2Tan[§ (a+bx)] - 5+m2 (2+m) (3+m)

5+m

s Tan[l (a+be2,
2

)/

m
s —m,1+2(2+m),1+

3+
AppellF1|1+

7Tan[§ (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)]

(<3+m> AppellFl[lﬂ,—m,SJer, M, Tan[l(aerx)]z, —Tan[l(aerxHZ}—
2 2 2
3+m 5+m 1 2
Z(mAppellFl[i, 1-m,3+2m, —, Tan|[~ (a+bx)] s
2 2 2
—Tan[l(a+bx)]2]+<3+2m)AppellF1[m,—m,2(2+m), Hn,
2 2 2
2
Tan[1 (a+bx)]", —Tan[—(a+bx)]2] Tan[1 (a+bx)] ] ]]]J
2 2 2

Problem 188: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCos[a+bx}ZSin[2a+2bx]md1x

Optimal (type 5, 85leaves, 2 steps):
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1
b (3+m)

Cos[a+bx]?Cot[a+bx]

-m 3+m 5+m

s s , Cos[a+bx]?] (Sin[a+bx]?)
2 2 2

Result (type 6, 7926 leaves):

1
Hypergeometric2Fi |

1-m
2

Sin[2a+2bx]"

22" (3. m) Cos[a+bx]2Sin[2 (a+bx)]"

Tan[i (a+bx)]

Tan[i (a+bx) ] —Tan[% (a+bx)]3Jm

(1+Tan[§ <a+bx)]2)2
([AppellFl[lJrTm, -m, 1+2m, B%m, Tan[% (a+bx”2, —Tan[% (a+bx)]2]

1+m 3+m
((3+m) AppellFl[T, -m,1+2m, —

(1+Tan[§ (a+bx)]2)2

s Tan[l (a+bx)}2, 7Tan[1 (a+bx”2} -

2 2
3+m 5+m 1 2 1 2
2 [mAppellF1[~——, 1-m, 1+2m, —, Tan[= (a+bx) |, -Tan[= (a+bx)]| ] +
2 2 2 2
3+m 5+m

(1+2m) AppellF1| , -my 2 (1+m),

3

2

Tan{% (a+be2, —Tan[% (a+bx”2} Tan{% (a+bx)}2) +

1+m 3+m 1 2 1 2
(4AppellF1{—, -m, 3+2m, —, Tan[= (a+bx)|", -Tan[= (a+bx) | })/
2 2 2 2

[(3+m) AppellFl{ﬂ, -m, 3+2m, 3+_m) Tan{l (a+bx”2, —Tan[l (a+bx”2} -
2 2 2

2

3+m 5+m 1 2 1 2
mAppellFl[T, 1-m,3+2m, - Tan[; (a+bx)]", -Tan[= (a+bx)] ] +

3+m 5+m
(3+2m) AppellF1[——, -m, 2 (2+m),
2 2

)

Tan[

) (a+bx”2, ~Tan|

N |

(a+bx”2} Tan| (aerxH2 -

N |

1+m 3+m 1 2
(4AppellF1[7, -m, 2 (1+m), ,Tan[= (a+bx)|", -Tan|
2 2 2

(1+Tan[§ (a+bx)]2)]/

(a+bx)]’]

N |

((3+m) AppellFl[u, -m, 2 (1+m), 3+m, Tan[1 (a+bx”2, —Tan[l (a+bx)]2} -
2 2
2 mAppellFl[M, 1-m, 2 (1+m), Ser,Tan[1 <a+bx)]2, —Tan[:L (a+bx”2] +
2 2

2
2 (1+m) AppellFl[M, -m, 3+2m, 5+_m, Tan[1 (a+bx)]2, —Tan[l (a+bx”2}
2 2 2 2
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ten( (a+0x) "] || /o (1) (12720 a0 7]
1 322" (34m) sec{l(a+bX)]2
(1+m) (1+Tan[i(a+bxn2)4 2

m

Tan[i (a+bx)] 7Tan[§ (aerxH3
1)

(a+bx)]2, -Tan]|

Tan[% <a+bx)]2

—

(1+Tan[§ (a+bx

3+m

(a+bx)]’]

1+m 3+m
—y -m, 1+2m, ,
2 2

N Tan[

N |
N |

1+m
((AppellFl[, -m, 1+2m,
2

[1+Tan[§ (a+bx”2]2)/ (3+m) AppellF1|

Tan[%(a+bx)] , -Tan| 2

3+m
| -2 |mAppellF1[~——, 1-m, 1+2m,

3+m

|
1
2
] ,-m,
% (a+bx>]2})Tan[ (a+bx”2)+

1+m 3+m 1 2 1 2
(4Appe11F1[7, -m, 3+2m, —, Tan| — (a+bx)} , -Tan| = <a+bx)] }]/
2 2 2 2

N |

[(3+m) AppellFl[lJr—m, -m, 3+2m, M, Tan[1 (a+bx>]2, —Tan[l <a+bx)]2] -
2 2 2 2

3+m 5+m 1 2 1 2
2 (mAppellFl[—, 1-m,3+2m, —, Tan[= (a+bx)|", -Tan[= (a+bx)]| ] +
2 2 2 2
3+m 5+m
(3+2m) AppellF1|——, -m, 2 (2+m), s
2

Tan[% (a+bx>]2, —Tan[% (a+bx)]2]] Tan[% (a+bx”2 -

(4Appe11F1[1+—m, -m, 2 (1+m), 3+m, Tan[1 (a+bx>]2, —Tan[l (a+bx)]2]
2 2 2 2
1 2 1+m 3+m
[1+Tan{;(a+bx” ])/((3+m) AppellFl[T,—m,2(1+m), -

3+m

Tan{l (a+bx)]2, —Tan[l (a+be2} -2 |mAppellFi]| ,1-my 2 (1+m),
2 2

5+m +m

s Tan[l <a+bx)]2, —Tan{l (a+bx”2] +2 (1+m) AppellFl[3 , —m,
2

2 2

5+m 1 2 1 2
3+2m, —, T — b , =T — b
+2m A an[z(a+ x)] an[z(a+ x”}

Tan[% (a+bx)]2)] +

1

; 2°" (3+m) Sec{l (a+be2
(1+m) (1+Tan[i(a+bx)]2) 2

m

Tan[% (a+bx)] 7Tan[§ (aerxH3

(1+Tan[§ (a+bx)]2)2
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({AppellFl[M, -m, 1+2m, M, Tan[l(a+bx”2,—Tan[l<a+bx)]2}
2 2 2
1 5\ 2 1+m 3+m
(1+Tan[—<a+bx)] J ]/[(3+m) AppellFl|[——, -m, 1+2m, s
2 2 2
1 2 1 2 +m
Tan[;(a+bx)] ,—Tan[g(a+bx)] | -2 |mAppellF1[~——, 1-m, 1+2m,
5+m,Tan[l(a+be2, —Tan[l(a+bx)]2}+(1+2m> AppellFl[ﬂ,—m,
2 2 2 2
2 (1+m), 5+m,Tan[7<a+bx)]2, —Tan[l(a+bx”2]]Tan[1<a+bx)]2 +
2 2 2 2

1+m 3+m 1 2 1 2
[4Appe11F1[—, -m, 3+2m, —, Tan|— <a+bx)] s —Tan[; (a+bx” ]J/
2 2 2

1+m

(<3+m) AppellF1| , -m, 3+2m, 3+—m, Tan[1 (a+bx)]2, 7Tan[1 (a+bx”2} -
2

2 2

3+m 5+m 1 2 1 2
2 [mAppellF1[~——, 1-m, 3+2m, ——, Tan[ = (a+bx) |, -Tan[= (a+bx)| | +
2 2 2 2
3+m 5+m
(3+2m) AppellF1[——, -m, 2 (2+m), s
2

Tan{% (a+bx)]2, —Tan[% (a+bx)}2}) Tan[% (a+bx)]2 -
[4Appe11F1[1+?m, -m, 2 (1+m), 3+_m) Tan{l (a+bx)]2, —Tan[l (a+be2}

2 2 2
(1+Tan[§ <a+bx)]2J]/

1
Tan|— (a+bx

1+m 3+m
=, -m, 2 (1+m), -

3+m) AppellF1|

(
1 2 3+m
, -Tan[= (a+bx)]| ] -2 mAppellFl[T,l—m,2(1+m),

2 3+m

,—Tan[l(a+bx)]2}+2(1+m) AppellF1| , -m,
2

Tan[1 (a+bx”2]) +

3+2m, Sﬂ, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2]
2 2

2 2

; 212" m (3 +m) Tan[1 (a+bx) |
(1+m) (1+Tan[i(a+bx)]2) 2

3\ -1+m

{Tan[% (a+bx)] —Tan[% (a+bx) ]

(1+Tan[§ (a+bx)]2)2

1+m

(a+bx)]?]

(a+bx”2, ~Tan]|

3+m
([AppellFl[ , -my,1+2m, —, Tan[
2

/

,-m, 1+2m, 3+_m) Tan{l (a+bx)]2, —Tan[l (a+be2} -
2 2 2

N =

1
2

(1+Tan[§ <a+bx)]2)2

1+m

( (3+m) AppellF1|

3+m 5+m 1 2 1 2
2 mAppellFl[T,l—m,1+2m, - Tan[; (a+bx)]7, —Tan[;(a+bx)] ]+

3+m 5+m
(1+2m) AppellFl[T, -m, 2 (1+m), -




Mathematica 11.3 Integration Test Results for 4.7.1 (c trig)”~m (d trig)~n.nb | 51

Tan{%(a+bx)]2,—Tan[%(a+bx”2} Tan[%(a+bx)]2)+
[4Appe11F1[1+?m, -m, 3+2m, 3;—m, Tan[% (a+bx)]2, _Tan[i (a+bx)}z])/

(<3+m) AppellFl{lﬂ, -m, 3+2m, 3+_m) Tan{l (a+bx)]2, —Tan[l (a+be2} -
2 2 2

3+m 5+m 1 2 1 2
2 |mAppellF1[——, 1-m, 3+2m, ——, Tan|[= (a+bx) |, -Tan| = (a+bx)] ] +
2 2 2 2
3+m 5+m
(3+2m) AppellF1[——, -m, 2 (2+m), s
2
Tan[l(aerx)]z,—Tan[l(a+bx)}2} Tan[l(aerx)]2 -
2 2 2
(4AppellF1[1+mJ -m, 2 (1+m), 3+m,Tan[1 (a+bx)]2, —Tan[l (a+bx”2}
2 2 2

2
(1+Tan[§ (a+bx)]2J]/

(<3+m) AppellFl[l;m, -m, 2 (1+m), 3+m,Tan[E (a+bx”2, —Tan[l (a+bx)]2} -
2 2 2
3+m 5+m 1 2
2 mAppellFl[i,l—m,2<1+m), " ,Tan[g<a+bx)] ,
2
1 2 3+m 5+m
~Tan[ = (a+bx) | }+2(1+m)AppellF1[T,7m,3+2m, -
2
Tan[l(a+bx)]2,Tan[l(a+bx)}2})Tan[1(a+bx)]2)]
2 2 2
)

{iSecE (a+bx }2—3Sec[§ (a+bx)]2Tan[§ (a+bx”2

(1+Tan[§ (a+be2)2

ZSec[% (a+bx)]2Tan[§ (a+bx) | (Tan{% (a+bx)] —Tan[% (a+bx)]3J]/
(1+Tan[i(a+bx)]2)3 +
! 212" (34 m) Tan[i(aerxH

(1+m) (1+Tan[% (a+bx)]2)3

m

{Tan[i (a+bx)] —Tan[% (a+be3

<1+Tan[§ (a+bx)]2)2

1+m 3+m 1 2 1 2
((ZAppellFl[—, -m, 1+2m, —, Tan[ = (a+bXx) ]|, —Tan[; (a+bx)]7]
2 2 2

Sec[1 (aerx)]ZTan[l (a+bx)] (1+Tan[1 (a+bx”2])/
2 2 2
(<3+m) AppellFl[lﬂ, -m, 1+2m, 3+_m) Tan[l (a+bx)]2, —Tan[1 (a+bx”2} -
2 2 2
mAppellFl[ﬂ, 1-m,1+2m, Sﬂ, Tan[1 (a+bx”2, —Tan[l (a+bx)]2] +
2 2 2 2

2
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3+m 5+m
(1+2m) AppellF1[——, -m, 2 (1+m), -
Tan{1 (a+bx)]2, —Tan[1 (a+bx)}2} Tan[1 (a+bx)]2 +
2 2 2

1 1+m 3+m 1 2
[(— m(1+m) AppellF1[1 + ,1-m,1+2m, 1+ ,Tan[= (a+bx) ],
3+m 2 2 2

7Tan[§ (a+bx”2} Sec[% (a+be2Tan[§ (a+bx)] - -

1+m
AppellF1[1 +

(1+m) (1+2m)

3+m
, —my, 2+2m, 1+

B Tan{% (a+bx)]2, —Tan[% (a+bx”2}

2
(1+Tan[§ (a+bx”2]2]/

,-m, 1+2m, 3+_m) Tan{l (a+bx)]2, —Tan[l (a+be2} -
2 2 2

Sec[% (a+bx)}2Tan[§ (a+bx)]

1+m

( (3+m) AppellF1|

2

3+m 5+m 1 2 1 2
mAppellFl[T, 1-m,1+2m, - Tan[; (a+bx)]", —Tan[; (a+bx) ] ] +

3+m 5+m
(1+2m) Appe11F1[T, -m, 2 (1+m), -
Tan[l(aerx)]z,—Tan[l(aertz} Tan[l(aerx)]2 +
2 2 2
1 1+m 3+m 1 2
[4[7 m(1+m) AppellF1[1+ ~——, 1-m, 3+2m, 1+ , Tan[= (a+bx) ],
3+m 2 2
1 2 1 2 1 1
~Tan[~ (a+b sec[~ (a+bx)]| Tan[~ (a+bx)] -
an[z(a+ x)}} ec[2<a+ XH an[z(a+ x)] —_—

1+m 3+m 1 2
(1+m) (3+2m) AppellF1[1+ A ,-m, 4+2m, 1+ A ,Tan[;(a+bx” B
—Tan[l(a+bx)]2]Sec[l(a+bx)]2Tan[l(a+bx”))/
2 2 2
(<3+m) AppellFl[lﬂ,—m,BJer, 3+_m) Tan[l(a+bx)]2,—Tan[l(a+bx)}2}—
2 2 2
3+m 5+m 1 2 1 2
2 mAppellFl[T,l—m,3+2m, - Tan[; (a+bx)]", —Tan[;(a+bx)] |+
3+4m 5+m
(3+2m) AppellF1[——, -m, 2 (2+m), -
Tan[l(aerX)]z,—Tan[l(a+bx”2})Tan[1(a+bx)]2 -
2 2 2
(4AppellF1[1;mJ -m, 2 (1+m), 3+m,Tan[l (a+bx)]2, —Tan[l (a+bx”2}
2 2 2 2
Sec[l(a+bx)]2Tan[l(a+be/
2 2
(<3+m) AppellFl[ﬂ, -m, 2 (1+m), 3+m,Tan[E (a+bx”2, —Tan[l (a+bx)]2} -
2 2 2
3+m 5+m 1 2
2 mAppellFl[i,l—m,2<1+m), ,Tan[7<a+bx)] ,
2 2 2
+ 5+m

—Tan[l (a+bx”2} +2 (1+m) AppellF1[3—m, -m, 3+2m,
2 2 2

)
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Tan{l (a+bx)]2, —Tan[l (a+be2} Tan[l (a+bx)]2 -

2 2 2
1 1+m 3+m
[4[— m(1+m) AppellF1[1 + > 1-my 2 (14m), 1+ s
3+m 2 2
Tan{l(a+bx)]2,—Tan[l(a+bx)}2} Sec[l(a+be2Tan[l(a+bx)]—
2 2 2 2
1 2 1+m 3+m
2 (1+m)*AppellF1[1+ , =My 1+2 (14m), 1+ s
3+m 2 2
Tan[l(a+bx)]2,—Tan[l(a+bx)]2]5ec[1(a+bx)]2Tan[1(a+bx”
2 2 2 2
1 2 1+m 3+m
1+Tan[—<a+bx)] )]/((3+m) AppellFl[T,—m,Z(ler), -
2

3+m
mAppellF1[~——, 1-m, 2 (1+m),
2

Tan[% (a+bx)]2, 7Tan[§ (a+bx)]2] -2

5+m

s Tan[1 (a+bx”2, 7Tan[l (a+bx)]2} +2 (1+m) AppellF1[3;m, -m,

2 2 2 2

Tan[1 (a+bx”2 +
2

5+m 1 2 1 2
3+2m, —, T — b , =T — b
+2m A an[z(a+ x)] an[z(a+ x)]]

3+m 5+m
mAppellF1[~——, 1-m, 2 (1+m), s
2 2

[4Appe11F1[ﬂ, -m, 2 (1+m), 3+_m) Tan{l (a+bx)]2, —Tan[l (a+bx”2}
2 2 2 2
(1+Tan[l <a+bx)]2 (—2
2

Tan[l (a+bx)]2, —Tan[l (a+bx”2} +2 (1+m) Appe11F1[3+—m, -m,
2 2 2

2

5+m 1 2 1 2 1
3+2m, —, T — b , -T — b S — b
+2m A an[z(a+ x) | an[z(a+ x)]7] ec[z(a+ x) |
1 1 1+m
Tan[f(a+bx)}+(3+m) - m(1+m)Appe11F1[1+ > 1-m, 2 (1+m),
2 3+m 2

1+3+m,Tan[E (a+bx”2, —Tan[l (a+bx>]2} Sec[1 (a+bx)]2Tan[

2 2 2
1 (a+bx)] - 1, (1+m)2Appe11F1[1+1+m, my 142 (1em), 14 3em
2 3+m 2 2

Tan[% (a+bx)]2, —Tan[i (a+bx)}2} Sec[% (a+bx)}2Tan[§ (a+bx)]|-

m
Jl_m)

1 3+
- 2 (1+m) (3+m) AppellF1[1+
5+m

5+m

2Tan[§ <a+bx)]2 m

1+2 (1+m), 1+ s Tan[l (a+bx)]2, —Tan[l (a+bx)]2] Sec[l
2 2 2

(a+bx”2Tan[§ <a+bx)] + (1—m) (3+m) Appe11F1[1+ 3;m,

5+m
2-m, 2 (1+m), 1+ 5+m, Tan[1 <a+bx)]2, —Tan[l (a+bx)]2]
2 2 2
Sec[l(aerx)]zTan[l(a+bx” +2 (1+m) |- ! m(3+m)
2 2 5+m

+m

m 5 1 2
,1-m,3+2m, 1+ , Tan[= (a+bx) ],
2 2 2

AppellF1[1 +
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(3+2m) AppellF1[1+ 3em

5
, —my, 4+2m, 1+

—Tan[% <a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)]

1+m

3+m
2
(a+bx>]2} -2 mAppellFl[M, 1-m, 2 (1+m), > m
2 2
Tan[1 (a+bx)]%, —Tan[l (a+bx)]*] +2 (1+m) AppellFl[M
2 2 2

(3+m) AppellF1| > =My 2 (14m), ,Tan[l(aerxHZ,
2

—Tan[

N | =

)

) 7m)

5+m 1 2 1 2 1 2)2
3.2m, ——, Tan| = b , —Tan| = b Tan| = b
+2m A an[2 (a+ x)] an[2 (a+ x” ] an[2 (a+ x)]
1+m 3+m 1
[AppellFl[—, -m, 1+2m, —, Tan|
2 2

2 1 2
;<a+bx)] s —Tan[;(a+bx)] ]

2

(1+Tan[1 <a+bx)]2)

: 2

3+m 5+m 1 2
mAppellFl[T, 1-m, 1+2m, - Tan[; (a+bx)]", -Tan]

N |

(a+bx)]’] +

(1+2m) AppellFl[ﬂ, -m, 2 (1+m), 5+7m, Tan[l (a+bx”2,
2 2

—Tan[l(aertz} Sec[l(aerx)]zTan[}(a+bx”+
2 2 2
1 1+m 3+m
(3+m) |- m(1+m) AppellF1[1+ ——, 1-m, 1+2m, 1+ s
3+m 2 2
Tan[—(a+bx”2,7Tan[—(a+bx)]2]5ec[1(a+bx)]2Tan[l(a+bx”7
2 2 2 2
1+m 3+m
(1+m) (1+2m) AppellF1[1+ ,-m,2+2m, 1+ s
3+m 2 2
Tan{l(a+bx)]2,—Tan[l(a+bx”2} Sec[l(a+be2Tan[l<a+bx)] -
2 2 2 2
1 2 1 3+m
2Tan| = (a+bx) ] |m |- (3+m) (1+2m) AppellF1[1+ ——, 1-m,
2 5+m 2
2+2m,1+5+m,Tan[1<a+bx)]2, —Tan[l(a+bx”2]
2 2
Sec[1 (aerxﬂzTan[1 (a+bx)] + (1-m) (3+m) AppellF1]
2 2 5+m
3+m 5+m 1 2 1 2
1 2-m,1+2m, 1 , Tan[= b , —Tan| = b
+ A m,1+2m, 1+ A an[z(a+ x) | an[z(a+ x)]7]
1 2 1
S — b T — b 1+2 -
ec[z(a+ x) ] an[z(a+ x”)+( +2m) —
3+m 5+m 1 2
m(3+m) AppellF1[1 + A ,1-my 2 (1+m), 1+ A ,Tan{g(a+bx)] B
1 2 1 2 1
~Tan[~ (a+bx)]| | sec[~ (a+bx)]| Tan[= (a+bx)] - 2 (1+m)
2 2 2 5+m
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3+m 5+m 1 2
+m) Appe + > -my 1+ +m), 1+ ——, Tan|— (a+bx) | ,
(3+m) AppellF1[1 1+2(1+m), 1 Tan[ = (a+bx) |
2 2 2

)/

3+m 1 2 1 2
» - ,1 2 ) )T - b ,7T — b _
m,1+2m —2 an[z(a+ x)] an[z(a+ XH}

—Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)]

1+m

( (3+m) AppellF1]|

3+m 5+m 1 2 1 2
2 (mAppellFl[—, 1-m,1+2m, > Tan[= (a+bx) |, -Tan[= (a+bx)|"] +
2 2 2
3+m 5+m
(1+2m) AppellF1|——, -m, 2 (1+m), s
2

Tan[% (a+bx”2, —Tan[% (a+bx)]2] Tan[% (a+bx”2 :

1+m

[4Appe11F1[ (a+bx)]’]

(72

3+m 1 2
, -m, 3+2m, —, Tan[g <a+bx)] s —Tan[
2

N |-

3+m 5+m 1 2 1 2
mAppellFl[T, 1-m, 3+2m, - Tan[g (a+bx>] B —Tan[g <a+bx)] |+
5+m

, Tan[l (a+bx”2,

3+m
(3+2m) AppellF1|~——, -m, 2 (2+m),
2 2 2

—Tan[1 (a+bx”2} Sec[1 (a+bx)]2Tan[§ (a+bx)]+

2 2
1 1+m 3+m
(3+m) |- m(1+m) AppellF1[1 + ,1-m,3+2m, 1+ s
3+m 2 2

Tan[1 (a+bx”2, —Tan[l (a+bx)]2] Sec[l (aerx)]zTan[l (a+bx)] -
2 2 2 2
1+m 3+m
(1+m) (3+2m) AppellF1[1+ ,-m,4+2m, 1+ s
3+m 2 2

Tan| (a+bx)]2, ~Tan|

N |

(a+bx”2} Sec[% (a+bx)}2Tan[§ (a+bx)]|-

N |

1 3+m
m|- (3+m) (3+2m) AppellF1[1+ ,1-m,

5+m 2
+m

2Tan| <a+bx)]2

N |

5
4+2m, 1+

s Tan[% (a+bx)]2, —Tan{% (a+bx”2]

Sec[% (a+be2Tan[§ (a+bx)] + (1-m) (3+m) AppellF1|

5+m

1+3+m,2—m,3+2m,1+5+m,Tan[£(a+bx”2,—Tan[l(a+bx)]2}
2 2 2
1 2 1
S - b T - b 3+2 -
ec[2 (a+bx)] an[2 (a+ XH)+< +2m) -
5+m

m(3+m) AppellF1[1 + 3+m’ 1-m,2(2+m), 1+ ,Tan[% (a+bx)]2,

1 2 1 2 1
“Tan[= b Sec|= b Tan[ = bx)]| - 2 (2
an[2 (a+ XH } ec[2 (a+ XH an[2 <a+ x)] — ( +m)
(3+m)AppellF1[1+3+m,—m,1+2(2+m),1+5;m, Tan[l(a+bx”2,
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1 (aerx)]zTan[l (a+bx)]
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((3+m> AppellFl[—1+m, -m, 3+2m, 3+_m) Tan[1 (a+bx)]2, —Tan[l (a+bx”2} -
2 2 2
2 (mAppellFl[B;m, 1-m, 3+2m, 5+_m) Tan[l (a+bx)]2, ~Tan|
2

2

5+m

2

(a+bx)]’] +

1

VN R

(3+2m)AppellF1[3+—m, -m, 2 (2+m), , Tan[= (a+bx) |
2

N

-Tan]| (a+bx)]2] Tan|

N |
N |

(a+bx>]2]2]

Problem 189: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[aerx} Sin[2a+2bx]™dx

Optimal (type 5, 83 leaves, 2 steps):

1
-———Cos[a+bx] Cot[a+bx]
b (2+m>

. 1-m 2+m 4+m ) . 2y .
Hypergeometric2Fi | s s , Cos[a+bx]?| (Sin[a+bx]?) 2 Sin[2a+2bx]"
2 2 2

Result (type 5, 173 leaves):

i 2—1—m e—i (a+b x) (1 _e4i (a+bx)>-m (—]i e—ZJ’l (a+b x) (_1 N <e41‘L (a+b x) ) )m

b (-1+4m?)
(-1+2m) Hyper‘geome‘cr‘icZFl[l (-1-2m), -m, : (3-2m), et (22X ],
4 4
@2t (ax) (14 2m) Hyper‘geome‘cr‘icZFl[1 (1-2m), -m, 1 (5-2m), e (200 ]
4 4

Problem 196: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

stc[c+bx}ZSin[a+bx] dx

Optimal (type 3, 36 leaves, 4 steps):
ArcTanh[Cos[c +bx]] Cos[a -] B Csc[c+bx] Sin[a- ]

b b

Result (type 3, 90 leaves):

bx
2

(Cos[c]-1Sin[c]) (Cos[c] Cos[—] -Sin[c] Sin[bz—x})

2 i ArcTan| - | cos[a-c]

%] sinc) Csc[c+bx] Sin[a-c]

iCos[c] Cos[bz—x}JrCos[

b b
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Problem 201: Unable to integrate problem.

JSin[a+bx}ZSin[c+dx}"dlx

Optimal (type 5, 410leaves, 15steps):
1

_ i 2—2—n e—]i (2a+cn)-1 (2b+dn) x+in (c+dx) (1 _ e21c+2idx> -n <j e—]i (c+dx) _ i ei (c+dx>>n
2b+dn
1 2b 1 2b . 1
Hypergeometric2F1[ = (———n] , -n, — [2— —-n|, et i), ——
2 d 2 d 2b-dn
i 2—2—n e]’t (2a-cn)+1 (2b-dn) x+in (c+dx) (1 _ <e21‘LC+21‘LdX) -n (j_ e—]’l (c+dx) _ i (EJ'L (c+d x) )n
1 b 1 2b . 1
Hypergeometric2F1 |~ (f—n] , -n, — [2+ = -n|, et (IO ], —
2 \d 2 d dn
. . . n n .
P27 (fet (c+dx) _j b “*dx))” (1-e*t (c+dx) )" Hypergeometric2F1[-n, - —, 1- —, e** (<40
2 2

Result (type 8, 19leaves):

JSin[a+bx}ZSin[c+dx}”dlx

Problem 205: Unable to integrate problem.

Jsin[a+bx}3sin[c+dx}”dlx

Optimal (type 5, 600 leaves, 18 steps):

1 2—37n (eil (3a-cn)+i (3b-dn) x+in (c+dx) (1 _ eZJic+2j1dx> -n <j e—]‘l (c+dx) _ i ei (c+d x) > n
3b-dn
1/3b 1 3b 1
Hypergeometric2F1| — (——n] , -n, = [2+ —-n|, et (a0 ] _
2 \d 2 d b-dn
3 2—3—n e]’l (a-cn)+1i (b-dn) x+in (c+dXx) (1 _ eZiC+ZidX> -n (j_ et (c+dx) _ i e]’l (c+d x) ) n
b-dn 1 b . 1
Hypergeometric2F1|-n, — (2+ - 7n), e2i(erdx) ] _
2d 2 d b+dn
3 2—3—n e—i (a+cn)-i (b+dn) x+in (c+dx) <1 _ (ezﬁc+2i1dx) -n (]-]_ e—i (c+dx) _ i e]i (c+d x) ) n
b+dn b+dn ) 1
Hypergeometric2F1[-n, - ,1- , edileda] o
2d 2d 3b+dn

2—3—n (e—il (3a+cn)-i (3b+dn) x+in (c+dx) <1 _ erLc+2dex>*n (j_ (e—jl (c+dx) _ i e]‘l (c+d x))n

. 3b+dn 1 3b
Hypergeometric2F1[-n, - ————, = (2 - =
2

n), e2i (c+dx)]
2d d

Result (type 8, 19leaves):

JSin[a+bx}3Sin[c+dx}”dlx

| 57
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Problem 214: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSec[c+bx}ZSin[a+bx] dx
Optimal (type 3, 34 leaves, 4 steps):

Cos[a-c] Sec[c+bx] ArcTanh[Sin[c+bx]] Sin[a-c]
+
b b

Result (type 3, 88 leaves):

23 Ar‘cTan[ (1 Cos[c]+Sin[c]) (szsx[bz—x] Sin [bcx] +Cos[c] Sin[%”
Cos[a-c] Sec[c+bx] Cos[c] Cos | 2X|-i Cos | 2| sin(c]

b b

| sinfa-c]

Problem 227: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[a+bx} Csc[c+bx] dx

Optimal (type 3, 27 leaves, 3 steps):
Cos[a-c] Log[Sin[c+bx]]
b

-xSin[a-c]

Result (type 3, 58 leaves):
1

2b
(-2 i ArcTan[Tan[c+bx]] Cos[a-c] +Cos[a-c] (21’1bx+Log[Sin[c+bx}2]) -2bxSinfa-c])

Problem 228: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.
JCos[a+bx} Csc[c+bx]2dx
Optimal (type 3, 35leaves, 4 steps):

Cos[a-c] Csc[c+bx] ArcTanh[Cos[c+bx]] Sin[a-C]
- +

b b

Result (type 3, 90 leaves):

24 Ar‘cTan[ (Cos[c]-1Sin[c]) (Cos[c] Cos{b%} -Sin[c] Sin{bz—x])

| sinfa-c]
Cos[a-c] Csc[c+bx]
- +

b b

1 Cos[c] Cos {"z—x} +Cos {"z—x] Sin[c]

Problem 231: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.
JSin[a+bx} Tan[c + b x]2dx
Optimal (type 3, 44 leaves, 6 steps):

Cos[a+bx] Cos[a-c]Sec[c+bx] ArcTanh[Sin[c+bx]] Sin[a-c]
+ +
b b b

Result (type 3, 109 leaves):
Cos[a] Cos[bx] Cos[a-c] Sec[c+bx]
+
b b

(i Cos[c]+Sin[c]) (Cos["%] sin[c]+Cos[c] Sin[b%H

2 i ArcTan|

Sin[a-c
COS[C]COS{bZ—X]—]'lCOS[bTX} sin[c] ] : ] Sin[a] Sin[b x]

b b

Problem 232: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JSin[aerx} Tan[c +bx] dx

Optimal (type 3, 29 leaves, 3 steps):

ArcTanh[Sin[c+bx]] Cos[a-c] Sin[a+bXx]

b b
Result (type 3, 94 leaves):

(i Cos[c]+Sin[c]) (Cos“y—x] sinfc]+Cos[c] sin[b—X

2 i ArcTan| - - ’H]Cos[a—c]
Cos[c] Cos{%}—i Cos[%} sin[c]
b
Cos[bx] Sin[a] Cos[a] Sin[bx]

b b
Problem 233: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

JCot[c+bx1 Sin[a+bx] dx

Optimal (type 3, 29 leaves, 3 steps):
ArcTanh[Cos[c+bx]] Sin[a-c] Sin[a+bx]
- +

b b

Result (type 3, 93 leaves):
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Cos[bx] Sin[a]

b
2 i ArcTan [ (Cos[c]-1Sin[c]) (Cosb[;:] Cos[b?xx] -Sin[c] Sin[b7—xH ] Sin [a-c]
iCos[c]Cos[T}JrCos[T} Sin[c] Cos[a] Sin[b x]
+
b b

Problem 234: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[c+bx}ZSin[a+bx] dx
Optimal (type 3, 46 leaves, 6 steps):

ArcTanh[Cos[c+bx]] Cos[a-c] Cos[a+bx] Csc[c+bx]Sin[a-c]
_ n _
b b b

Result (type 3, 111 leaves):

(Cos[c]-1Sin[c]) (Cos[c] Cos[bz—x] -Sin[c] Sin[bz—x})

2 1 ArcTan Cos[a-c
. [ i Cos[c] Cos[bz—x}JrCos[bTX} Sin[c] ] [ ]
- +
b
Cos[a] Cos[bx] Csc[c+bx]Sin[a-c] Sin[a] Sin[bx]
b b b

Problem 242: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[aArbx} Sec[c+bx]?dx
Optimal (type 3, 35leaves, 4 steps):

ArcTanh[Sin[c+bx]] Cos[a-c] Sec[c+bx]Sin[a-c]
b b

Result (type 3, 89 leaves):
. . %H]Cos[a—c]
Cos [c] Cos| 2% ] -i Cos[ 2*| sin[c] Sec[c+bx] Sin[a-c]

b b

(i Cos[c]+Sin[c]) (Cos“)—x] sin[c]+Cos[c] sin[

2i ArcTan|

Problem 248: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[a+bx} Tan[c + b x]?dx

Optimal (type 3, 46 leaves, 6 steps):
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ArcTanh[Sin[c+bx]] Cos[a-c] Sec[c+bx]Sin[a-c] Sin[a+bXx]
b b b

Result (type 3, 111 leaves):

(i Cos[c]+Sin[c]) (Cos{i—x] Sin[c]+Cos[c] Sin[i—XH

2 1 ArcTan Cos[a-c
. [ Cos[c]Cos[bz—x}—iCos[bz—x} Sin[c] ] [ ]
b
Cos[bx] Sin[a] Sec[c+bx]Sin[a-c] Cos[a] Sin[bx]
b b b

Problem 249: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos [a+bx] Tan[c +bx] dx
Optimal (type 3, 30leaves, 3 steps):

Cos[a+bx] ArcTanh[Sin[c+bx]] Sin[a-C]
b b

Result (type 3, 93 leaves):
Cos[a] Cos[bx]
- +

b
2 i ArcTan { (i Cos[c]+Sin[c]) (Cc:’sjbz—x] Sin [bcx] +Cos[c] Sin[bz—xH ] Sin [a-c]
Cos[c]Cos{z—]—iCos[T} sin[c] Sin[a] Sin[b x]
+
b b

Problem 250: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[aerx} Cot[c+bx] dx

Optimal (type 3, 29 leaves, 3 steps):
ArcTanh[Cos[c+bx]] Cos[a-c] Cos[a+bx]
- +
b b

Result (type 3, 94 leaves):

(Cos[c]-i Sin[c]) [Cos[c] Cos["%] _sini[c] Sin[bTxH

2 i ArcTan Cos[a-c
. [ i Cos[c] Cos[b%}JrCos[bTX} Sin[c] ] [ ]
- +
b
Cos[a] Cos[bx] Sin[a] Sin[bx]
b b

Problem 251: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

JCos[a+bx} Cot[c+bx]2dx

Optimal (type 3, 46 leaves, 6 steps):

Cos[a-c] Csc[c+bx] ArcTanh[Cos[c+bx]]Sin[a-c] Sin[a+bx]

+

b b b

Result (type 3, 112leaves):

Cos[a-c]Csc[c+bx] Cos[bx] Sin[a]
) b ) b :
[ (Cos[c]-i Sin[c]) [Cos[c] cOs["y—X}sin[c] Sin[b?—XH ] Sinfa-c]
i Cos[c] Cos | * [ «cos [ %] sin[c) Cos[a] Sin[bx]

2 i1 ArcTan

b b
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Summary of Integration Test Results

254 integration problems

A - 204 optimal antiderivatives

B - 26 more than twice size of optimal antiderivatives
C - 22 unnecessarily complex antiderivatives

D - 2 unable tointegrate problems

E - Ointegration timeouts



